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We investigate the use of a certain class of functional inequalities known
as weak Poincaré inequalities to bound convergence of Markov chains to
equilibrium. We show that this enables the straightforward and transpar-
ent derivation of subgeometric convergence bounds for methods such as
the Independent Metropolis—Hastings sampler and pseudo-marginal methods
for intractable likelihoods, the latter being subgeometric in many practical
settings. These results rely on novel quantitative comparison theorems be-
tween Markov chains. Associated proofs are simpler than those relying on
drift/minorisation conditions and the tools developed allow us to recover and
further extend known results as particular cases. We are then able to provide
new insights into the practical use of pseudo-marginal algorithms, analyse the
effect of averaging in Approximate Bayesian Computation (ABC) and the use
of products of independent averages and also to study the case of log-normal
weights relevant to particle marginal Metropolis—Hastings (PMMH).

1. Introduction.

1.1. Motivation. The theoretical analysis of Markov chain Monte Carlo (MCMC) algo-
rithms can provide twofold benefits for users. On the one hand, it provides fundamental reas-
surance and theoretical guarantees for the correctness of algorithms, and on the other hand,
can also offer guidance on parameter tuning to maximise efficacy.

Aside from high-dimensional scaling limit arguments [28], two approaches have proved
particularly successful for characterising the properties of MCMC algorithms [6]: Lyapunov
drift/minorisation conditions [15, 26, 30] and functional-analytic tools on Hilbert spaces, in
particular in the reversible setup [23], Chapter 22 in [15]. The former have been the most suc-
cessful for the study of stability and convergence rates, despite the inherent difficulty of con-
structing an appropriate Lyapunov function. A particular success has been the development
of tools to analyse the scenario where the Markov transition kernel does not possess a spec-
tral gap, and hence converges at a subgeometric rate (see [15] for a book-length treatment).
In contrast, functional-analytic tools have been particularly successful at characterising the
resulting asymptotic variance, but their application to characterising convergence rates has
been limited to the scenario where a spectral gap exists (see [22] for example). This is de-
spite the existence of functional-analytic tools such as weak Poincaré or Nash inequalities,
which have been successfully applied to continuous-time Markov processes in the absence of
a spectral gap [29].

The aim of this paper is to fill this gap, and show how weak Poincaré inequalities can be
particularly useful for analysing certain MCMC algorithms and answering pertinent practical
questions. Our main focus here will be on pseudo-marginal algorithms [3], a particular type
of MCMC method for which pointwise unbiased estimates of the target density are sufficient
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for their implementation. We show that weak Poincaré inequalities allow us to significantly
expand and greatly simplify the results of [4], characterising precisely the degradation in
performance incurred when using noisy estimates of the target density. This is particularly
appealing because pseudo-marginal Markov kernels often do not possess a spectral gap on
general state spaces, either because the noise is unbounded [3, 4] or because the noise is not
uniformly bounded and “local proposals” are used [24], which is fairly common in practice.

To the best of our knowledge, while Nash inequalities for finite state space Markov chains
have been considered in [13], weak Poincaré inequalities have not received the same atten-
tion in this context and it is not possible to point to a suitable reference for background.
In Section 2, we provide a comprehensive overview of the theory tailored to the Markov
chain scenario; some of the results given therein are new to the best of our knowledge. In
Section 3, we develop a series of new comparison results between Markov chains sharing a
common invariant distribution. In Section 4, we apply our results to pseudo-marginal algo-
rithms, providing a simple and comprehensive theory of the impact of using noisy densities
on the convergence properties of pseudo-marginal algorithms, which we leverage to clarify
implementational considerations. We consider the effect of averaging, with applications to
Approximate Bayesian Computation (ABC) and when using products of independent aver-
ages, and finally provide an analysis when the weights are log normal, relevant to the Particle
Marginal MH (PMMH).

The proofs not appearing in the main text can be found in the Supplementary Material [2],
along with a list of notation used throughout the article.

2. Weak Poincaré inequalities.
2.1. General case.

2.1.1. Definitions and basic results. Throughout this work, in analogue with the existing
notions for continuous-time Markov processes [29], we will call a weak Poincaré inequality
an inequality of the following form:

DEFINITION 1 (Weak Poincaré inequality, o-parameterisation). Given a Markov transi-
tion operator P on E, we will say that P* P satisfies a weak Poincaré inequality if, for any

feldw,
1f113 < a(ME(P*P, f) +rd(f) Vr>0,

where « : (0, 00) — [0, 00) is a decreasing function, and & : LZ(IL) — [0, oc] is a functional
satisfying for any f € L?(u), ¢ >0andn € N,

(1) def)=cd(f), DP"f)<o(f), |f—nH5<ad(f —nf),
where a := SUP fe1 2(0\(0) ||f||%/<I>(f).

REMARK 2. A popular choice of ® is ® = | - ||2 for which a < 1, but we will also

osc?
later consider ® = || - ||%p for p > 1, which also has a < 1 by Lyapunov’s inequality.

REMARK 3. Note that a(r) typically diverges as r — 0. By contrast, a strong Poincaré
inequality refers to the situation when « is uniformly bounded above by a(r) < 1/Cp for
some Cp > 0; in this case, we may take r — 0 and recover the standard strong Poincaré
inequality Cp|| f ||% <E&EP*P, f) for f € L%(/L), from which one can immediately deduce
geometric convergence [17], that is, for any f € L%(,u), neN,

) P £ < (1= Co) I £II3.
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In what follows, we show that a weak Poincaré inequality implies the existence of a function
n +— y(n), which is decreasing to 0 such that, for any f € L%(,u) and ®(f) < oo,

3) P12 <y m)@(f).

A very useful equivalent formulation of the weak Poincaré inequality, which bears some
resemblance to the “super-Poincaré inequality” of [29], is the following.

DEFINITION 4 (Weak Poincaré inequality, S-parameterisation). Given a Markov transi-
tion operator P on E, we will say that P* P satisfies a weak Poincaré inequality if, for any

feliw,
I£113 < sE(P*P, f) 4+ B(s)D(f) Vs >0,

where 8 : (0,00) — [0, 00) is a decreasing function with B(s) | 0 as s — oo, and & :
Lz(/,c) — [0, oo] is a functional satisfying, (1) for any f € Lz(/,c), c>0andn eN.

These two formulations are equivalent; see our Remark 5 below, and we will typically refer
to a “weak Poincaré inequality” without specifying the parameterisation. If there is ambiguity,
we will write a- or S-weak Poincaré inequality to specify the parameterisation. Because a is
such that ||f||% <ad(f) forall f e L(Q)(M), one can always take 8 < a in Definition 4 and
a(r) =0 for r > a in Definition 1.

REMARK 5. Suppose an a-weak Poincaré inequality holds for a function o with a(r) =
0 for r > a. Then a B-weak Poincaré inequality holds with S(s) := inf{r > 0 : a(r) < s}.
Conversely, suppose a 8-weak Poincaré inequality holds for a function g with 8 < a. Then
an a-weak Poincaré inequality holds with «(r) := inf{s > 0: B(s) < r}. This procedure al-
ways returns a right-continuous function, so for a given « (or g) satisfying a weak Poincaré
inequality, iterating this procedure will return the right-continuous version of « (or j).

While in practice establishing a weak Poincaré inequality is often the most tractable op-
tion, a third (essentially) equivalent formulation plays an important rdle to establish (3) with
optimal rate function . We need the following functions.

DEFINITION 6. For $ as in Definition 4, we let:

1. K:[0,00) — [0, 00) be such that K () := uf(1/u) for u > 0 and K (0) :=0,
2. K*: [0, 00) — [0, 0o] be such that K*(v) := sup,~{uv — K (u)} is the convex conju-
gate of K.

Then for f € L%(,u) such that 0 < ®(f) < oo, the weak Poincaré inequality can be for-
mulated as follows with u = 1/s > 0:

ull f15 < E(P*P., f) + K@ ®(f),
which by rearranging terms and optimising leads to
K( ||f||%> _EPP.f)
o))~ @)

Relevant properties of K* can be found in Lemma 1 of the Supplementary Material. The rate
function y in (3) is the inverse function of F, given below, which is well defined.
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LEMMA 7. Let F,(-): (0,a] = R, where (0, a] C D, be given by
a dv
x K*()’
where K* is given in Definition 6 and D := {v > 0: K*(v) < 0o}. Then F,(-):

F,(x) =

1. is well defined, convex, continuous and strictly decreasing;

2. is such that limy o F,(x) = 00;

3. has a well-defined inverse function Fa_1 : (0,00) — (0,a), with Fa_l(x) — 0 as
X — 00.

The main result of this section is as follows.

THEOREM 8. Assume that ju and P* P satisfy a weak Poincaré inequality as in Defini-
tion 4. Then for f € L%(M) such that 0 < ®(f) < oo and anyn € N,

|P"£13 < @) FE (),

where F,: (0,a] — R is the decreasing convex and invertible function as in Lemma 7.

REMARK 9. When [ Ki‘—’()v) < 00, one can define Foo(x) 1= [° K‘j—’(’v) for each x > 0,

and since F,(x) < Fs(x), one can similarly derive a bound ||P"f||% < dD(f)FO:)1 (n).

REMARK 10. A different proof relying on an alternative use of the Poincaré inequality is
given in the Supplementary Material for completeness, which corresponds to the formulation
of [29], Theorem 2.1, advocated by the authors for its tractability, but leads to suboptimal re-
sults. We have found the formulation of Theorem 8§ sufficiently flexible for our applications.
This general approach was in fact suggested in the continuous-time setting; see, for example,
[29], equation (1.4), but only later utilised in [5], where improved rates were obtained. Our
approach here can be seen as the natural discrete-time analogue; however, we further gener-
alise the approach to allow for general ® and a # 0o, and make explicit the connection with
convex conjugates.

REMARK 11. If P*P satisfies a strong Poincaré inequality with constant Cp, one may
take the corresponding B to be B(s) = al{s < CITI}. Conversely, if f(s) = al{s < Cp_l}
then one can deduce that a strong Poincaré inequality holds. A simple calculation shows that
K*(w)=Cpv, for0<v <a,and

ad
X

from which we recover an exponential rate. However, F, Ln) = aexp(—Cpn) and since
exp(—Cpn) > (1 — Cp)" because —x/+/1 —x <log(l —x) < —x for x € [0, 1), this suggests
a loss compared to a more direct method leading to (2). In this setting, we may also take
o(f)=|fl5anda=1.

REMARK 12. By following the proof of Theorem 8 and stopping early, one can obtain
bounds which are tighter but sometimes less convenient to work with.

For example, writing 7°" for the n-fold composition of the map T with itself, one can
obtain the bound

IP"£113 wvon (11113
4 —_— = Id-— K ,
® 3 = ) (cb(f))




3596 ANDRIEU, LEE, POWER AND WANG

and indeed a decay estimate of this form is equivalent to the original WPI holding with no
loss of information; take n = 1. Going one step further in the proof, one can obtain the bound

s e ()

which is weaker than (4) due to the integral approximation, but stronger than the separable
bound which is stated in the theorem.

A useful lemma we will make use of later concerning linear rescalings is the following.

LEMMA 13. Let B(s) = c1B(c2s) for c1,c2 > 0. Then k*(v) = supueR+u[v —
B(l/u)] = c1coK*(v/c1) and the corresponding function ﬁa(w) = CZ_IFM/C1 (w/cy). Fur-
thermore, when c1 > 1, ﬁa(w) < cz_lFa(w/cl), and we can conclude ﬁa_l(x) < cha_1(02x).

2.1.2. Examples of B(s) and y = Fa_l. Throughout the following examples (which co-
incide with those of [29], Corollary 2.4), we use the notation of Theorem 8.

LEMMA 14. For B(s) = cos— 1, K*(v) = C(co,cl)vHCII. Then with Foo as in Re-
mark 9, the convergence rate is bounded by
FZl(n) < co(l +epttein,

LEMMA 15. Assume B(s) = noexp(—n1s™) for no, n1, n2 > 0 and choose a > 0. Then
there exist C > 0,0 < vy < 1 A a such that, for v € [0, vg],

1\\~1/m
K*(v) sz(log(—)) .
v

In addition, there exists C' > 0 such that, for all n € N,

1 m2/(14+12)
Frlny <’ exp(— (c + ’72n> >
n2
LEMMA 16. Assume B(s) = cg- (logmax(cy, s))™? forco > 0,c1 > 1, p > 0. Then there
exist vg > 0, C > 0 such that, for v € [0, vg],

K*(v)>C-p't1/p -exp(—(v/co)_l/p).
In addition, there exists C' > 0 such that, for all n € N,

F ') <€’ (logmax(n, 2)) 7.

2.2. Reversible case. When the kernel P is reversible with respect to ©, we can derive a
simplified weak Poincaré inequality in terms of P directly, rather than P* P, making the ap-
proach much more practical. This kind of result seems to be new to the best of our knowledge,
and indeed the need to handle P*P is one of the key subtleties of our present discrete-time
setting as opposed to the continuous-time setting. Furthermore, we can also derive a converse
result; a weak Poincaré inequality is necessary for subgeometric convergence.
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2.2.1. Simplified weak Poincaré inequality.

DEFINITION 17 (Weak Poincaré inequality; reversible case). Given a reversible Markov
transition operator P on E, we will say that P satisfies a weak Poincaré inequality if, for any

feldw,
I£113 <a(EP, f)+rd(f) Vr>0,

where « : (0, 00) — [0, 00) is a decreasing function, and & : L2(u) — [0, oo] is a functional
satisfying: for any f € L?(u), ¢ >0andn € N,

O(cf)=Ad(f),  D(PF) <), | f —nH]}<ad(f - u(f)),

with a := SupfeL%(/L)\{O} ||f||%/q>(f)
A B-weak Poincaré inequality for P is analogously defined: for a function g : (0, o0) —
[0, 00) decreasing with B(s) | 0 as s — oo, for any f € L%(M),

I£I13 <sECP, ) + B(s)®(f) Vs >0.

We are interested now to obtain an appropriate Poincaré inequality for P*P = P2 from a
corresponding Poincaré inequality for P. The key complication is the left-hand side of the
spectrum, around —1. In order to rule out periodic behaviour (which will prevent conver-
gence), some assumptions on the spectrum in a neighbourhood of —1 are required.

LEMMA 18. Suppose that the reversible kernel P possesses a left spectral gap: there
exists some 0 < cgap < 1 such that the spectrum of P is bounded below:

info (P) > —1 + cgap.
Then we obtain the bound on the Dirichlet forms given f € L*(u) by
E(P?, f) = caapE(P, f).

COROLLARY 19. In the setting of Lemma 18, it immediately follows that if P satisfies a
weak Poincaré inequality with function B as in Definition 17, P? satisfies a weak Poincaré

inequality with B given by B(s) = B(cgaps):
1f13 < sE(P2, f) + B(s)®(f) Vs> 0.

Thus the convergence rate Fa_l for | P" f ||% can be immediately deduced from Theorem 8
and Lemma 13.

When there is no left spectral gap, we can generalise the above results using a weak
Poincaré inequality for —P.

THEOREM 20. Suppose P is -reversible. Assume the following two weak-Poincaré in-
equalities hold: for all s > 0, f € L%(,u):

(5) IF13 <SEP.f)+ b)),
(©) I£13 <SEP. )+ B ($)D(S).
Then the following weak Poincaré inequality for P? holds:

(M 115 <sE(P2, f) + Bs)D(S).



3598 ANDRIEU, LEE, POWER AND WANG

foralls >0, f € L(Z)(u,), where
B(s) :=inf{s1 B4+ (s2) + B—(s1)|s1 > 0,52 > 0, 5152 =5},
O(f):=d(f) vo(Ud+ P)V2f).

Recall that a u-reversible Markov kernel P is positive if for any f € L>(u), (Pf, f) >0,
and a positive reversible kernel P has spectrum contained in the nonnegative interval o (P) C
[0, 1]. When P is reversible and positive, convergence of P" can be straightforwardly derived
as then cgap = 1.

THEOREM 21. Assume that the kernel P is reversible and positive and satisfies a weak
Poincaré inequality as in Definition 17. Then Theorem 8 applies, so for f € L(z)(u) such that
0<®(f)<ooandanyneN,

|P" £ < o (F)E (n).

PROOF. Since P is reversible and positive, we can apply Corollary 19 with cgyp = 1
to see that P2 satisfies a weak Poincaré inequality with the same function 8. We can then
immediately apply Theorem 8 to conclude. [

REMARK 22. Realistic MCMC kernels will all possess a nonzero left spectral gap. In-
deed, popular methods such as the Independent Metropolis—Hastings sampler, many random
walk Metropolis algorithms, and the resulting pseudo-marginal chains we will consider later
are even positive [4], Proposition 16. Furthermore, a given reversible kernel P can be straight-
forwardly modified to possess a positive left spectral gap by considering the so-called lazy
chain Q :=€ld+ (1 —¢) P for € € [0, 1). Indeed, one of our contributions in Section 3 is to
generalise this construction and give versions of Lemma 18 and Corollary 19 holding under
weaker assumptions; see Theorem 40.

2.2.2. Necessity of weak Poincaré inequalities. 'We can also derive a converse to Theo-
rem 8 in the reversible setting. For our explicit examples of 8 in Section 2.1.2 as well as in the
geometric case (Remark 3), it turns out that we can derive a converse result, thus demonstrat-
ing, at least in the reversible setting, that our approach is able to recover the best possible rates
of convergence for a given 8 when g is polynomial or polylogarithmic; see Remark 24. In
the continuous-time setting, similar converse results have also been derived; see, for instance,
[29], Theorem 2.3.

PROPOSITION 23. Let P be p-self-adjoint Markov transition operator and assume for
anyneN,and f € L%(,u),

®) P fI2 <y )@ (f),

for some functional ® : L?>(i) — [0, o] satisfying (1) and a decreasing function y : Ry —
(0, 00), withy(s) = 0ass — co. Then P2 satisfies a weak Poincaré inequality (Definition 4)
with

B(s) < Bi(s) :==sup inf

n _1\yn—1
t>s nzz{( t =D ) V(n)} Vs > 1,

=1t

which is decreasing and decreases to 0.
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Similarly, suppose that under the same assumptions on (i, f, ®), and only assuming P to
be p-invariant, it holds that

[Pl = @(f)- F~ ( +F<l{yﬁ>))

for a function F : Ry — (0, 00) which is decreasing, continuous, divergent at 0, with an
inverse function F ! which is decreasing, continuous and convex, and such that log(—DF )
is convex.
Then P* P satisfies a weak Poincaré inequality with
K*(v) <Kj@)=v—F (14 F(@)),

from which a corresponding B can be deduced via convex duality.
Finally, suppose that under the same assumptions on (u, f, ®), and again only assuming
P to be p-invariant, it holds that

PR (IR
s ==K <d>(f))’

for some function K*: [0, a] — [0, a] which is increasing, convex, and vanishes at 0. Then
P* P satisfies a weak Poincaré inequality with

K*(v) < K*(v),

from which a corresponding B can again be deduced via convex duality.

REMARK 24. For explicit computations, it can be useful to apply the elementary bounds

s" . ! s ”< 1 n
o e (7))

and
(-1t 1 (n-l)ﬂ—l 1
n" T n n ~2n’
to bound
. s (n— 1)"_1
,irz‘f{( Y ”(”)}

<o) o)

=5 epintlron( 7)o )| = e
5 Supinfyy(n ) ceeioy)p TR

which is often more convenient to work with, and is again decreasing and decreases to 0.
We may consider the following procedure. Given

I£13 <sE(P*P, £) + B(s)®(f) Vs >0,

apply our Theorem 8 to deduce that || P" f ||2 < ®(f) - y(n). Then apply the above construc-
tion to show that P* P satisfies

I£113 < sE(P*P, f) 4 B2()D(f) Vs >0,

with B, as above. In the examples considered in Section 2.1.2, we find that B>(s) < ¢y -
B(cy - s) for positive constants cj, ¢2; see the Supplementary Material for explicit calcula-
tions. We do not address whether this will hold in general. In particular, if 8 is polynomial
or polylogarithmic then 8, and 8 have the same asymptotic behaviour up to a multiplicative
constant.
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2.3. Illlustration: Independent MH sampler. As a concrete illustration of the results of
Section 2.2 we consider the Independent Metropolis—Hastings (IMH) algorithm. This has
been studied previously in [20, 21] using drift/minorisation conditions, and we show in
this subsection that we recover comparable subgeometric rates of convergence using weak
Poincaré inequalities. We fix a target density 7 and a positive proposal density ¢ on E and
define

Then the IMH chain has reversible transition kernel P given by

P(x,dy) =a(x, y)q(y)dy + p(x)dx(dy),

where a(x,y) =[1 A 38;], and p(x) = [[1 — a(x, y)]lg(dy). In this case, it follows from

reversibility that we have the following well-known representation.

LEMMA 25. We can express

1
5uafr:Q/nuﬁwwwr%mAur%wnf@>—fuﬂ%ndy

and
)| 2
I £z = 3 /F(X)ﬂ(y)[f(y) — f(x)] dxdy.
For the IMH, the following is known [20, 21].

PROPOSITION 26. If w is uniformly bounded from above, then the IMH sampler is uni-
formly ergodic. However, if w is not uniformly bounded above, then the chain is not even
geometrically ergodic.

Thus since we are interested in the case of subgeometric convergence, we assume that w
is not bounded from above, or equivalently, w! is not bounded from below by any positive

constant. Thus given any s > 0, we define the following sets:
A(s) == {(x,y) eExE:w ' (x) Aw l(y) > 1/s).

Since we are assuming the subgeometric case, there is no s > 0 for which A(s) = E x E.

PROPOSITION 27. For the IMH, we have the following weak Poincaré inequality: given
any f € L(z)(n) and s > 0:

7 @ (As)D)

> £ 112

113 < sECP, f)+

Our bound in Proposition 27 allows us to directly link the tail properties of the weights
w(x) under m and the resulting rates of subgeometric convergence. We can apply Theo-
rem 21, since the IMH kernel is always positive [18].

We turn now to some concrete examples inspired by [20, 21] where B(s) can be evaluated
directly.



COMPARISON OF MARKOV CHAINS VIA WPI'S 3601

2.3.1. Exponential target and proposal case. We work on E = (0, 00) C R, and have
target and proposal densities

7(x) =ajexp(—ajx), q(x) = azexp(—azx).

Since we are interested in the subgeometric case, we assume that a; > a. For this example,
it was shown in [21], Proposition 9(b), that there is polynomial convergence, with rate at least

a/(az — ay).

LEMMA 28. We have that for s > 1,

C ’ )
TR n(AS)) ”;A(S) ) _ %[1 (s ma)] <s @,

In this case, we can make use of Lemma 14 to conclude the following, consistent with
[21], Proposition 9(b).

PROPOSITION 29. For our exponential example, we recover the convergence rate for
some C > 0,

2 I
” Pnf”Z = C”f”gscn @
2.3.2. Polynomial target and proposal case. We take E = [1, 00) C R, and target and

proposal densities

by

2
TX) = —F/——— X)= —.
( ) x1+bl’ CI( ) X1+b2

We are interested in subgeometric convergence, so assume that b, > b;. It was shown in
[21], Proposition 9(a), that for this example there is polynomial convergence with rate at least
b1/(b> — by). An entirely analogous calculation to the exponential example above allows us
to conclude the following.

PROPOSITION 30. For our polynomial example, we obtain the convergence rate, for
some C >0,

__ b
[P £]3 < CllfI2en ™7

3. Chaining Poincaré inequalities. In this section, we show how comparison of Dirich-
let forms can be used to deduce convergence properties of a given Markov chain from another
one. These results extend existing quantitative comparison results.

PROPOSITION 31. Let Py and P, be two p-invariant Markov kernels. Let T; = P; or
T; = P*P;. Assume that for all s > 0 and f € L(Z)(M),

Cell fII3 < &, f),
E(Ty, f) <sETa, )+ B ()D(f),
where:

1. Cp>0andB: (0,00) — (0, 00) is decreasing and 8'(s) | 0 as s — o0,
2. &: Lz(u) — [0, oo] is such that (1) holds.
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Then for any s > 0,
115 <sET2, )+ D),
with B(s) = p'(Cps)/Cp.

The proof is immediate.

REMARK 32. This generalises the comparison of Dirichlet forms used in [10], which
corresponds to S(s) = 0 for all s > § for some s > 0. Further, assume that for any (x, A) €
ExF, Pb(x, A\ {x}) = e(x)P1(x, A\ {x}) for some ¢: E — (0, 1], then with {(x, y) €
E2: e(x)s > 1} and s > 0 we have

1
&P, f) = 5/ £(X)su(dx) Py (x, dy)[f (y) — f ()]
Als)

S

1 2
3 ], MR [0 = /(0]

1
<sE(Py, f)+ Eu(e—loo > )11 f 112

which is a generalisation of [10], Theorem A3, and together with Theorem 21 leads to a coun-
terpart of [10], Theorem A1, for rates of convergence. However, we have not found an elegant
generalisation of [10], Theorem A2, concerned with asymptotic variances. Theorem 36 fur-
ther generalises these comparison ideas.

This can be further extended to the scenario where T satisfies a weak Poincaré inequality.

THEOREM 33. Let Py and P be two p-invariant Markov kernels. Let T; = P; or T; =
P} P;. Assume that for all s > 0 and f € L(z)(u),

I £13 < sET, £)+ Bi(s)D1(f),
E(T, ) <s&E(T, [)+ Ba(s)P2(f),

&)

where:

1. B1, B2: (0,00) — (0, 00) are decreasing and B1(s), B2(s) L 0 as s — o0,
2. &, Dy Lz(u) — [0, oo] are such that (1) hold for Py and P,, respectively,
3. foranyn € Nand f € L(Q)(,u), O1(Py f) < P1(f).

Then for any s > 0,
(10) 115 < sE(Ta, )+ BS)D(S),
where & := & v O, and
B(s) == inf{s1 Ba(s2) + Bi1(s1)|s1 > 0,52 > 0, 5152 =5}.

Furthermore, B : (0, 00) — (0, 00) is monotone decreasing and satisfies 5(s) | 0 as s — o0,
&(cf) =c*d(f) for c > 0 and (P} f) <®(f)foranyneNand f € L(Z)(u).
Additionally, writing K;(u) =u - i (1/u), K(u) =u - (1/u), it holds that

K (u) = inf{K>(u2) + us Ky (u1)luy > 0,u2 > 0, uuz = u},
K*(v) = K5 o K{ (v).
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PROOF. Fix s > 0. Given any s, s > 0 with s;sp = s, by direct substitution in (9), we
can arrive at

1£113 <sETa, £)+ Bi(s)@1(f) + 51B2(52) P2 (f)
<sE(T, )+ [Bi(s1) + s1B2(2) [[@1(f) vV P2(f)]-

Taking an infimum, we arrive at (10).
Now we prove the monotonicity of 8. Fix some s > 0 and any s1, 52 > 0 with 5150 = 5.
Given any s’ > s, note that

B(s") <s1Ba2(s"/s1) + B1(s1)
<s1B2(s/s1) + Bi(s1)
= s1B2(s2) + B1(s1)-
Here, we made use of the fact that §; is a decreasing function. Taking an infimum over sy,
52, we conclude that B(s") < B(s).

We now show that given € > 0, we can find s > 0 such that (s) < e¢. Combined with
monotonicity, this proves that 8(s) | 0 as s — co. So fix € > 0. Choose s; > 0 such that
B1(s1) < €/2, which can be done since B1(s) | 0 as s — co. Given such an s1, now choose
52 > 0 large enough so that s182(s2) < €/2. Thus for s := 5152 for these choices of 51, 52, we
have shown that B(s) <€/2+¢€/2 =€.

To complete the proof, write

K@) =u-B(1/u)
= u - inf{s1B2(s2) + B1(s1)Is1 > 0,52 > 0, 5150 = 1 /u}
=u - inf{(1/u1) - Bo(1/u2) + B1(1/u)|1/uy > 0,1/uz > 0, (1/uy) - (1/uz) = 1/u}
= inf{(u/uy) - B2 (1/uz) + (uwiuz) - f1(1/ur)uy > 0,uz >0, ujus = u}
= inf{uzfo(1/uz) +uz - ui f1(1/ur)|uy > 0,uz >0, ujus = u}
= inf{Kz(uz) +uy - Ki(up)uy >0,uy >0, ujuy = u},
as claimed. Finally,

K*(v) := sup{uv — K (u)}

u>0

= sup{uv — uilnlfz{KZ(MZ) +up- Kl(ul)}]

u>0

= sup {uv — Kr(u2) —uz - Ki(u1)},

u,uyg,uz

where u uy are again constrained to be nonnegative and have their product equal to u#. Now,
rewrite u = uju, and eliminate the variable u to write

K*(v)= sup {ujusv — Ko(uz) —uz - Ki(up)}

ug,up>0

= sup {uz-{urv—Ki(u)}v— Kx(ur)}
up,upy>0

= SuP{Mz- sup {ujv — Ky(up)} — Kz(uz)}-
upy>0 u;>0

Taking the inner supremum simplifies this expression to

K*(v) = sup {uz - K{(v) — K2(u2)},

upy>0
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and taking the remaining supremum allows us to conclude that K*(v) = K5 (w) with w =
K (v) as claimed, thatis, K* = K7 o K{'. [

EXAMPLE 34. 1If one has B;i(s) = ¢;s™% for i € {1,2}, then B(s) o s~ % with a, =

ajan . .
Tror tas - To see this, write

B(s) :=inf{s1 B2(s2) + B1(s1)|s1 > 0,52 > 0, 5152 = 5}

= inf{czs1s2_o‘2 + clsl_w1 Is1 > 0,52 >0, 5150 =s}
. s1\%2 -
:1nf{c2s1(—> + crs; ! ‘sl > 0}
s
. o 1 _
=inf{cas ‘)‘zslﬂt2 + cis; s > 0}

an .
Taking derivatives and solving for a stationary point gives §1 = o (Cllj‘_ix 59 tej+ey | from which
point routine algebraic manipulations confirm the conclusion.

Our next main result is Theorem 36, which provides us with a practical way of establishing
(9) for T; = P;. We first establish an intermediate result.

PROPOSITION 35. Let P be a u-invariant Markov kernel, and let A € F @ F. Let p €
(1,001, g > 1 satisfy p~' + g~ = 1. Then one can bound for f € L*>(1),

fAu(dxw(x, dy)(f() = ) <u® PAN{X £ YD) @,(f),
with ®, given by

4lflI5, pe, o0,

11 b =
(n p(f) IfllZe  p=occ.

Moreover, it holds that for all f € Lz(/,c) and p € [1,00], ®,(Pf) < D,(f).

PROOF. For p € (1, 00), we use Holder’s inequality to write

/A u(dx) P(x, dy) (£ () — £(3))?

=/M(dX)P(x,dy){HAn{x¢y}(x,y) A(F@) = )

< </M(dx)P(x,dy)HAm{x;,gy}(x, y))l/q . (/M(dx)P(x, dy)|f(X) - f(y)|2p>1/p

By Jensen’s inequality, one can check that | f(x) — f(y)|*? <2227 1. (| f () *? + | fD)I?P).
Because uP =,

/u(dx)P(x, dy)|f(x) — f()|* <22~ -fu(dx)P(x, dy) - (|F @7+ [P)

2 2p
=22 fl5h.

One then concludes that
/A p(d)P(x, dy) (f(0) = F()) < ® P(A)VT- (22| £l130)1 /7

=u®PA1- o),
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as desired. The nonexpansivity of ® under the action of P can be deduced by writing

1PFI3 = [ w@o|Preof”

= [ nan

E/Mmmpunwvoﬁp

2p

/P@Awﬂw

=/mev@wp

2
= I1£13.

where the inequality uses Jensen’s inequality against the probability measure P (x, -), and the
penultimate equality uses the p-invariance of P.

When p = 00, we use an analogous argument, noting that (f(x) — f(yY)2 < || I
everywhere. [J

2

e almost

THEOREM 36. Let Py and P> be two p-invariant Markov kernels. Assume that for any
(x,A) eExXF, Py(x, A\ {x}) > fA\{x} e(x,y)Pi1(x, dy) for some ¢ : E2 — (0, 00). Then for

1

any p € (1,00),q > 1 such that p~' +q~ ' =1,any s >0, and any f € Lgp(,u) C L%(M),

1
E(P1f) <5EP )+ 5 -1 ® PUAGE N (X # 1) 10, (1),
with A(s) :={(x,y) € E2: se(x, y) > 1} and ®,(f) as in (11), which satisfies (1).
PROOF. For any s > 0, we have

1
E(PL f) < Ef se(x, y)u(dx) Py (x, dy)[ ) — fF@)]
A(s)

(s

: 2
T3 /A(S)c p(d) Pr(x, dy)[f () = f ()]
= %/A(S)M(dx)PZ(X,dy)[f(y) _ f(x)]2

1
+ 51 ® PUAWE N X £ 1) 0, (1),

where we have used the assumed inequality between P; and P, and Proposition 35. [J

REMARK 37. Assume for simplicity that for p-almost all x, Pi(x,-) = P»(x, -), that s,
Pi(x,-) and P>(x,-) are equivalent measures. This implies 4 ® P; = u ® P> and we may
take e(x, y) = gﬁfg ; (y) = gﬁgﬁf (x, y) to be positive 4 ® Pj-almost everywhere, and we
can write ’

du ® Py
du ® P

AN [ y) ix#y) = {(x, y) € E*:Ifx # y) (x,y) = S}-

Hence, limg_, oot ® Py (A(s)c N{X # Y}) = 0. Therefore, Theorem 36 covers many cases
where P, places mass on the same sets as Pj. In fact, it covers slightly more general cases
in which we only have Pi(x, A\ {x}) > 0= P(x, A\ {x}) > O for u-almost all x and all
AeF.
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REMARK 38. Our result concerned with the IMH algorithm in Section 2.3 is a partic-
ular case where Ppvu(x, A\ {x}) > fA\{x}[w_l(x) A w~(y)]m(dy), which combined with
Proposition 31 with Cp = 1 leads to Proposition 27.

REMARK 39. We note that this approach to identifying weak Poincaré inequalities can
also be generalised to the setting of continuous-time Markov processes. To this end, consider
a continuous-time Markov process with infinitesimal generator £, and recall the definition of
the carré du champ operator

1
L(f,9)x):= E{E(fg) —(Lf)-g—f- (L)}

Note that I is bilinear and that for all suitable functions f, the function I'(f) :=T'(f, f) is
pointwise nonnegative.

Suppose now that for two processes with the same invariant measure 7 and infinitesimal
generators given by £; and L, respectively, their carré du champ operators can be ordered
pointwise as

Ci(Hx) = wx) - T2(f)(x)

for some nonnegative function w (note that the subscripts here simply index the processes,
and have no relation to so-called “iterated carré du champ” operators).
Defining A(s) = {x : s - w(x) > 1}, one can then compute that

swbﬁ=fmmymum»
s»/ mmymmmﬂﬂm+/ ) - Ta(f) )
A(s) A(s)

<s- /M(dx) T @) +7(AS)E) - sup{Ta () ()

xeE
=s5-E(L1, )+ B(s) - P(S),

where we have defined

B(s) == u(A@)),
() i=sup{P2(H)()}.

Note that in many applications, I'( /) has the character of a squared gradient, and hence & ( f)
will behave much like a squared Lipschitz constant for the function f.

Comparisons of this form have been used implicitly in the study of so-called weighted and
converse weighted Poincaré inequalities [8, 11], which are known to imply weak Poincaré
inequalities. Such comparison inequalities can then be applied to compare the convergence
of continuous-time processes in much the same fashion as in this work.

The following generalises the criterion P (x, {x}) > ¢ for some ¢ > 0 and all x € E often
used to establish the existence of a left spectral gap for reversible Markov chains.

THEOREM 40. Assume that P is p-invariant and that for any (x, A) € E x F it satisfies
P(x,A) > e(x) [, 8x(dy) for some ¢: E — [0, 1]. Then:

1. forany (x, A) e E x F, PZ(x, A) > e(x)P(x, A),
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2. forany pe(l,00],1/g=1—1/p,any f GLSP(M) CL%(/L) ands >0

ECP. 1) =5E(P. )+ 5 m(eC0™" 25) 10,1,

COROLLARY 41. Proposition 31 or Theorem 33 can be applied with Ty = Py = P and
T = P, = P2. This can be applied to the Metropolis—Hastings (MH) algorithm (see (12))
as soon as w(p(X) > 0) =1 and also means that weakly lazy chains can be defined as
e(x)Id+ (1 — S(X))ﬁ where P is a MH using proposal P.

PROOF OF THEOREM 40. For (x, A) € E x F,
P2, A) = [ PGP 4) 2 60 PG, A)

and we apply Theorem 36. Now u ® PHe(X)"'>s)N{X #Y}hH < w(Ee(X)~! >s) and we
conclude. [

Our final result in this section concerns the situation when one has a sequence of weak
Poincaré inequalities given by functions {f2,},~0, which converge pointwise to an appropri-
ate function B;. We give conditions under which the corresponding convergence rates F, Ll

will also converge to the corresponding F~ L

PROPOSITION 42. Let Py and (P2,),~0 be p-invariant Markov kernels. Assume P sat-
isfies a weak Poincaré inequality with function B1 and that for any > 0,

I£115 < SE(PS, P, f) + Bou(5)P(f) Vs >0,

where each By, satisfies the conditions in Definition 4. Let Fy, F> , : (0, a] — [0, 0o) for each
t > 0 be as defined in Section 2.
Assume that for any « > 0, B2, > B pointwise and for any s > 0, lim,—0 B2,,(s) = B1(s).
Then for any 1 > 0 and n € N, FZ_J1 (n) > Fl_l(n) and
: -1 -1
th_)n(l)sup{Fz’[ (n)— F; (n)}=0.

n>0

PROOF. Letv > 0 and (u,) be such that K (v) = lim,_ o us[v — B1(1/u,)]. Then for
any ¢ > 0 and any n > 1, K;’[(v) > up[v — B2,,(1/uy)] and, therefore,

liminf K5 ,(v) > limu,[v — B2, (1/un)] = un[v — B1(1/uy)].
1—0 ’ 1—0
Consequently,

liminf K3, v) = lim w,[v = B1(1/u)] = K{ (v).

Since for any ¢ > 0, B2, > B implies Ky < KT, we have limsup,_,( K3 (v) < K{(v).
We therefore conclude that lim,_, ¢ Kik’ ,(v) = K{(v). Now let 0 < x < a, and choose € > 0
such that K{(x) — € > 0. Then there exists g > 0 such that, for any 0 < ¢ < g, Ki“’t(x) >
Ki(x) —e >0, and since v Kﬁ‘vt(v) is increasing, we deduce 0 < supve[x,a](K;‘J(v))_1 <
(K;" L(x))_l < (K i“(x) — e)_l < 00. We can therefore apply the bounded convergence theo-
rem and conclude

lim/a ©ro
= X).
=0y K3,(0)
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For any ¢ > 0, F1, F2,: (0,a] — [0, 00) are decreasing and continuous and so are the
inverse functions F; ! Fy Ll: [0,00) — (0,a], and consequently for any x € [0, c0),
lim,. F5 ' (x) = F; ' (x) (note that F; !(0) = F; ' (0) = a). Since K}, < K}, we imme-
diately have the ordering FZ_,LI (x) > Fl_l(x) for any x € [0, 00).

Now let € > 0, then there exists ng € N such that for any n > no, Fl_1 (n) < €/2. From the
convergence above, there exists (g > 0 such that, for any 0 < ¢ <o,

0<F; ' (no) — F; ' (no) < ¢/2,
and since n — Fg Ll (n) is decreasing, for any n > ny,

Flm)— F'() < F5 () <e.
Now, there exists ¢;, > 0 such that, for any 0 <t < 1,

max {FQ_J1 (n) — Fl_l(n)} <e.

0<n<ny
Therefore,

lim sup{F, ' (n) — F; ' (n)} = 0.
L—)Onzo ’ |

EXAMPLE 43. Let Bi(s) = al{s < CIII}, which corresponds to P; satisfying a strong
Poincaré inequality as in Remark 11. Let P, , satisfy a weak Poincaré inequality with
B2..(s) =an{B](Cps)/Cp} (e.g., by Proposition 31) where 8, (s) > I{s < 1} so that 82, > fi.
If lim,,0 B/(s) = I{s < 1} for all s > 0, then Proposition 42 can be applied and we re-
cover exponential convergence as ¢ — 0, and for any ¢ > 0 the existence of ¢ > 0, such
that Fz_, Ll (n) — Fl_1 (n) < € for all n. In other words, one may obtain convergence for P,
arbitrarily close to that given by g1 by taking ¢ sufficiently small.

4. Application to pseudo-marginal methods. We now present our main application.
Fix a probability distribution 7 on a measure space X, with a density function also denoted
7. Pseudo-marginal algorithms [3] extend the scope of the Metropolis—Hastings algorithms to
the scenario where the density 7 is intractable, but for any x € X, nonnegative estimators 7 (x)
such that E[7 (x)] = Cxr (x) for some constant C > 0 are available. This can be conveniently
formulated as 7 (dx, dw) = 7 (dx) O, (dw)w = 7 (dx) 7, (dw) with fR+ wQy(dw) =1 on an
extended space E := X x R. We will refer to these auxiliary w random variables as weights
or perturbations.

4.1. A weak Poincaré inequality for pseudo-marginal chains. A question of interest is to
characterise the degradation in performance, compared to the marginal algorithm, which uses
the exact density 7. More specifically, for {g(x, -), x € X} a family of proposal distributions,
the marginal algorithm is described by the kernel

P(x,dy) =[1 At(x, y)]q(x,dy) + 8 (dy)p(x),

(12) (y)q(y,dx)
where t(x, y) (= —————,
7(x)q(x,dy)

and p is the rejection probability given by p(x) :=1— [[1 At(x, y)]lg(x, dy) for each x € X.
For brevity, we will also define the acceptance probability as a(x, y) :=[1 A v(x, y)].
The pseudo-marginal Metropolis—Hastings kernel is given by

B(x, w: dy, du) = [1 A {t<x, y)%}]q(x, 4y) Q. (die) + 81 1 (dy, du) 3 (x, w),
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where the (joint) rejection probability p(x, w) is analogously defined. It is known in this
context that perturbing the acceptance ratio of the marginal algorithm leads to a loss in per-
formance, in particular in terms of convergence rates to equilibrium. More specifically, if P is
geometrically ergodic, then P is geometrically ergodic if the perturbations are bounded uni-
formly in x, and cannot be geometrically ergodic if the perturbations are unbounded on a set
of positive m -probability, which addressed in [4] in specific scenarios using Foster—Lyapunov
and minorisation conditions by linking the existence of moments of the perturbations to the
subgeometric rate of convergence of the algorithm. When the perturbations are bounded for
each x but not bounded uniformly in x, the situation is more complicated: if “local proposals”
are used then [24] proves that P cannot be geometric under fairly weak assumptions in statis-
tical applications whereas if global proposals are used P may still be geometric (consider, for
instance, the setting of [12], Remark 5). We show here that convergence results can be made
completely general using weak Poincaré inequalities, with much simpler and considerably
more transparent arguments. ~

We will be assuming throughout this section that the pseudo-marginal kernel P is positive,
in order to utilise our results from Section 2.2.1. We note that this positivity assumption is not
restrictive; as established in [4], Proposition 16, P will be positive if the marginal chain P is
an Independent MH sampler, or a random walk Metropolis kernel with multivariate Gaussian
or student-¢ increments.

The following comparison theorem plays a central role.

THEOREM 44. Let P be the embedding of P in the joint space E =X x R,

F_’(x, w;dy, du) :=a(x, y)q(x,dy)mwy(du) + 8y, (dy, du) p(x).

1

Then for any p € (1,00], g > 1 such that p~' + ¢~ ' =1, any s > 0, and any f € L*(7) C

L3 (),
_ - 1 1/q
E(P. [) < SEP. )+ 5p(f) (2/Xfrx<w > s)n(dx>) ,
with ®,(f) given in (11).

PROOF. We apply Theorem 36. Let &(w, u) := w~! Au~!, then for any (x, w) € E and
BeF,

/ e(w, u)P(x, w;dy, du)

B\{x,w}
= [ atr.apd, @oat, ™ Au)
= [ 4400, @uate, (™ Au)
=/Bq(x,dy>Qy<du)a<x,y>(1Ag)

< quu,dy)Qywu)[l A (t(x,y)%)},

= P(x,w; B\ {x, w}),
where we have used that 1 A (ab) > (1 Aa)(1 Ab) fora,b > 0. Now for s > 0 let
A(s) == {(w,u) € Ri: wlAu! > 1/s},

AGs) i={(x,w,y,u) eExE: w ' Au"l>1/s}.
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Then

n® P(A% () N {(X, W) # (Y, U)}) ng( 0 a0 )7 (An)q (x. dy) s (dw)Ey (du)

S

:/x2 |:a(X,y) _/:4(00 ﬁx(dw)ﬁy(du)]n(dx)q(x,dy),

and
/A(s)ﬂ T (dw)y(du) =1 — 7 (w < 5)7Ty(u < 5)
=1—[1—-7(w>9)][1 = Fy(u>s)]
Swx(w>s) + 7wy (u>s).
Therefore,

1w® P(AS)E N {(xX, W) # (Y, U))) < Z/ﬁx(w > 5)7(dx).

We conclude. [

We are now in a position to apply Proposition 31 or Theorem 33. We will see that the
tail behaviour of the perturbations governs the rate at which our bound on || P” f ||, vanishes
as n — oo. For simplicity, for the remainder of this section we focus on the case where

O(f) = 1 f 112

COROLLARY 45. When P satisfies a strong Poincaré inequality with constant Cp as in
Remark 3, Proposition 31 establishes that P satisfies Definition 17 with B(s) = 8 (Cps)/Cp
where B'(s) = [ 7x(w > s)7(dx) and ®(f) = ||f||gsc. Consequently, Theorem 21 applies to
P with a rate determined by B(s).

Furthermore, using Markov’s inequality, the existence of moments of W under 7t of order
k € N, implies

Bl(s) <5~ fx E; [|W ] (d).

Provided the integral is finite, this leads to a polynomial rate of convergence O(n=*) by
Lemma 14.

Similarly, if P satisfies a weak Poincaré inequality, one can apply Theorem 33 and deduce
the new rate of convergence as in Example 34.

REMARK 46. Notice that when the perturbations are uniformly bounded, that is, there
exists w such that, for all x € X, 77, (w > w) = 0, and P satisfies a strong Poincaré inequality,
then Cp| f||1> < E(P, ) < wE(P, f) and we recover the known results of [3, 4].

Examples of chains for which P satisfies a strong Poincaré inequality are numerous; the
IMH and random walk Metropolis algorithms often possess a spectral gap; see [4] where
these examples are considered in the context of pseudo-marginal algorithms.

We provide a general result demonstrating that under very weak conditions pseudo-
marginal convergence can be made arbitrarily close to marginal convergence, strengthening
the result of [3], Section 4.
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REMARK 47. Assume that there is a parameter ¢ > 0 controlling the quality of the per-
turbations W ~ 7, , such that, for each x € X, W converges in probability to 1 as ¢t — O:

lirr(l)ﬁx,[(w >s)=I{s <1}, xeX,s>0.
1—
Let

i) i= [ Fvuw = ) (@)

then the bounded convergence theorem implies that

1irr(1)ﬂt(s) =I{s <1}, s>0.
—

Assume now that P satisfies a weak Poincaré inequality with function B. Similar to Exam-
ple 43, one can compare the convergence bounds for P, and P via their respective functions
. and B. Indeed, Theorem 44 and Theorem 33 imply that P, satisfies a weak Poincaré in-
equality with function

~ Ky — )
B = T pil 40+ ﬂ(m),

where € > 0 is_arbitrary. Note that for s > 0, B[’E(S) > ,B_(s/(l + €)) > ,B_(S) and since
lim,— 9 B,(s) = B(s/(1 + €)) we can apply Proposition 42 to obtain convergence bounds ar-
bitrarily close to those of P with rate function 8.

4.2. The effect of averaging. A natural idea to reduce the variability of pseudo-marginal
chains is to average several estimators 77 of the target density at each iteration. As pointed out
in [4], this is unlikely to affect asymptotic rates of convergence. Furthermore, it was estab-
lished in [9, 31] that when considering asymptotic variance, it is preferable to combine the
output of N independent chains each using 1 estimator, rather than running 1 chain averaging
N estimators at each iteration. The following, motivated by the application of Markov’s in-
equality, adds nuance to these conclusions by showing how bias can be reduced by averaging,
particularly in situations where higher order moments of the perturbations are large.

LEMMA 48. Let {W;} be i.i.d., of expectation 1 and such that, for a given p € N with
p =2, E(|W1|P) < o0. Then there are some constants {C, }, such that, for any N € N,

1 N
(13) EHN;M

For large N, this bound is 1 + O(N™1).

p 14
} <14 > N*2c, E[w; —1/1].
k=2

As an illustration, we focus here on the scenario where the marginal chain satisfies a
strong Poincaré inequality (Remark 3) and the moments are uniformly bounded in x € X.
Let Wy := N~! ZlNzl Wi, then Markov’s inequality implies that for the pseudo-marginal
algorithm which averages N estimators,

Bi(s) < [SupEﬁX (W{;)]s—l’,
xeX

and while the rate of convergence in s is independent of N, the multiplicative constant in
square brackets does depend on N. Indeed, by Lemma 48, averaging by choosing N > 1 can
reduce its magnitude and reduce our convergence upper bounds in Theorem 21, thanks to
Lemma 13. The bound obtained in (13) suggests that while the asymptotic rate of decay for
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large N is governed by the term E[|W| — 1|2]N -1 inversely proportional to the increased
computational cost at each MCMC iteration, higher order moments may play an important
role for small to moderate values of N.

This is expected for heavy-tailed distributions, for example, consider an inverse gamma
distribution of expectation 1 and shape parameter s > 1. Its raw (polynomial) moments grow
very rapidly as E(Wlk) =(s— ¥/ ]_[f-‘:1 (s—1i) for k e N, k < s and s large, and for small
and moderate values of N, summands other than k = 2 in (13) will be most prominent.

4.3. ABC example. We consider an Approximate Bayesian Computation (ABC) set-
ting, using notation inspired by [24]. We assume we have a true posterior density mg(x)
v(x)€y(x) onaspace X C R%  where v(-) represents the prior and x > £y(x) is an intractable
likelihood corresponding to a probability density f,(y) = £, (x) for some fixed observations
y € Y C RY. It is known that ABC Markov chains of the type considered here cannot be
geometrically ergodic under fairly weak conditions when a “local proposal” is used [24],
Theorem 2. .

Fix an € >0 and x € X, and for j =1,..., N, let z; - fx(-) be auxiliary random vari-
ables and define the random variables W, where | - | denotes the Euclidean norm,

w_ [Vesec) iflz; -yl <e.
J 0 else,

with £agc(x) :=P,(]z1 — ¥| < €). In an ABC setup, the intractable g is replaced with the
ABC posterior (x) ox v(x)€apc(x), which is typically also intractable and itself approxi-
mated using a pseudo-marginal approach: for fixed N € N, define

N N
- 1
(X, 21,45 2N) X V(x)ZABc(X)[]_[ fx(Zj):| N Z W;.
j=1 j=1
It is easily seen that Wy := % Z?’:l W; has expectation 1 under [l_[;VZI fe(zj)ldzy x -+ x
dzy for a fixed x € X. In our previous notation, Q,(dw) is then the law of Wy when the
(z1,...,zy) are drawn from []_[3\/:1 fr(zj)1dzi x -+ - x dzy, and 7, (dw) = wQ, (dw). Given

x € X, it is clear that under Q,, we have that £Apc(x) Zj-v:l W; ~Bin(N, £apc(x)).
Thus from our previous result, Corollary 45, in order to bound the rate of convergence of
the resulting pseudo-marginal algorithm, we need to bound for s > 0,

/ (dx)T,, WnN > 5).
X

So given x € X, s > 0, we first consider 7, Wy > s). Using Markov’s inequality, for any
p €N, we can bound

AIVR] _ OV

T >g5) <
x(WN_ )_ <P <P

This seems to suggest that if the marginal algorithm is geometrically ergodic, then its ABC
approximation converges at any polynomial rate. The following result tells us that this may
not be the case.

PROPOSITION 49. For a given p € N, suppose that [y v(x)ﬁgl(gpc_l)(x) dx < oo. Then
there is Cy,p > 0 such that, for all s > 0,

f 7 (dx)iy Wy = 5) < Cy_ps P,
X

andas N — 00, Cy, , =1+ O(1/N). In particular, we may always take p = 1. The resulting
convergence rate for the pseudo-marginal chain is then also O (n—?) as in Lemma 14.
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4.4. Products of averages. The results in Sections 4.2—4.3 suggest that N may not need
to be taken too large in the case of simple averaging. We consider here a scenario where the
perturbation is instead a product of T independent averages, which gives different conclu-
sions, and can be seen as a simple version of the perturbation involved in a particle marginal
Metropolis—Hastings (PMMH) algorithm [1], a special case of a pseudo-marginal algorithm.
Such scenarios can arise in random effects and latent variable models. For example, [34], Sec-
tion 4.1, uses a random effects model from [14], Section 6.1, to analyse the data from [19],
while [25], Section 4.2, considers an ABC example with i.i.d. data and [25], Section 4.3,
considers a single-cell gene expression model proposed by [27] and employed, for example,
by [33].

The following bound can be used in Corollary 45, and indicates that it is sufficient to take
N proportional to T to obtain 7 -independent bounds on the relevant tail probabilities as long
as m is sufficiently concentrated.

PROPOSITION 50. Assume W ~ Q. can be written as W = ]_[thl Wy, where each W, is
independent and nonnegative, and for each t € {1, ..., T},

Ly
=—Y W
Ni:1 1,1

is an average of nonnegative, identically distributed random variables with mean 1. Assume
that for some p € Nwith p > 2, and any x € X,

te{lnax }E[Wt‘ul] 0.

Then there exists a function M, : X — R such that if we take

1
NEC(T+§+\/QT,

for some o > 0, then

/n(dx)ﬁx(WZs) Ss"’“/n(dx)exp( Mp(x )>

where the right-hand side may be finite or infinite depending on 7.

In particular, we can see that if the function M, grows quickly in the tails of 7, then the
bound is finite only if 7 has sufficiently light tails.

EXAMPLE 51.  Assume M (x) = bx* and 7 (dx) Ir, (x) exp(—cxg)dx for some k, £ >
0.1If £ < k then the integral [ 7 (dx) exp(M,(x)/a) in Proposition 50 is infinite. If £ > k, then
the integral is finite. If £ = &, then the integral is finite if and only if o« > b/c.

4.5. Log-normal example. We consider now a limiting case of the perturbations in a
PMMH algorithm, motivated by [7], Theorem 1.1, which has also been analysed using other
techniques [16, 32]. The result of [7] concerns a particular mean 1 perturbation Wr_y that is
also a product of T averages, with N random variables involved in each average, but where
the random variables are not independent They show that, under regularity conditions, if
N = oT there is a 002 such that with o2 = =0 /oc log(Wr n) converges in distribution to
N(—%az, 02) as T — oo.
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We consider here the setting where for some large 7', the log-perturbation is exactly
N (—%02, 02), in which case one can think of o2 = O'OZT/ N, and since the precise value
of T is not relevant we suppress it in the sequel. To be explicit, we have that W has law

1 ( (10gw+02/2)2)d
——exp| — w,

wo /2w P 202

where dw is Lebesgue measure on R and o > 0 is a variance parameter, which we assume

for simplicity is independent of x. We note that a pseudo-marginal kernel with log-normal
perturbations can only converge subgeometrically, since the perturbations are not bounded.

0, (dw) =

4.5.1. Tail probabilities and convergence bound.

LEMMA 52. We have the bound, for s > 0, 1, (W > s) < B(s), where

((logs — 02/2>+)2)

202

(14) B(s) := exp(—

REMARK 53. Note that despite (14) being an upper bound on the quantity of interest, it
satisfies the conditions in Example 43 and Remark 47, implying that the rate of convergence
of the marginal algorithm is recovered in the limit, as o — 0.

Although it is theoretically possible to work directly with 8 as in (14), in order to derive
clean and practically useful tuning guidelines, we now derive some tractable bounds on the
corresponding convergence rate.

LEMMA 54. We have a lower bound on the convex conjugate, for 0 < v < 1, K*(v) >

Lexp(—o,/—2log}y —0?/2).

PROOF.  This is immediate from choosing u = exp(—o,/—2log 5 — o2/2) in the defini-
tion of the convex conjugate, K*(v) = sup,,. o{luv —up(1/u)}. O

As before, we define F(w) := ful) Kih(’ e We are able to deduce the following convergence
bound.

LEMMA 55. We have the upper bound for x > 0,

(15) Flo) < 2exp{_LW2<L)}
- 202 2exp(02/2)) )’

where W? denotes the Lambert function squared.

PROPOSITION 56. Assume that the marginal chain P satisfies a strong Poincaré in-
equality with constant Cp as in Remark 3. Then the final convergence bound for the pseudo-
marginal chain is given by

(16) Faln) < = {_sz(icpmz )}
PMU = e T2 N  Zexp(02/2) ) |

PROOF. This is immediate from Corollary 45, Lemma 55. [J
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4.5.2. Mixing times. It is possible to obtain mixing time type results.

PROPOSITION 57. Lete € (0, 1] and 6% > 0. Then, to obtain FP_NII (n) < €2, itis sufficient
to take

Vs TPy 2
(17 nzﬂexp<0—+\/H(e 0>,
Cpo 2

where H(€) =21og(2/(€*Cp)).

PROOF. One can calculate directly that the bound of FP_NII in (15) evaluated at the right-
hand side of (17) is equal to 2exp(—H (€)/2)/Cp, which combined with the definition of
H (¢) and the monotonicity of FP_I\,II gives the result. [

Now we consider the minimum computational budget required to achieve a given precision
of €, and the corresponding split between the number of MCMC iterations n and the number

of particles N. The budget required is significantly lower than the result in Proposition 57

would imply for a fixed N and, therefore, o2

PROPOSITION 58. Let € € (0, 1]. For simplicity, let ii and N be real-valued counterparts
of n and N, respectively. The “budget” function (n,c) — B(n,o0) =nN = ﬁa&/&z on ]R%_
is minimised subject to the constraint FP_NII (71: 6) = €2 (with FP_NII as in (15)) when
VH(e) + 12 — /H(e)

2 9
where H (€) := 210g(#) > 0 and limpy ) 00 / H (€)0,(€) = 3. Moreover, for € > 0 such
that H(€) > 1, we obtain Fp_l\,ll(ﬁ; &) =€% with5(€) = 3/ H(e),

N(e) = %aozlog<i)
9 Cpé2 ’
ﬁ(6)§4exp(15/2)10< 2 )’
3CP CP62
80¢ exp(15/2) 10( 2 )2
27Cp Cpe? )’

which is asymptotically accurate and optimal as H(€) — o0, that is, if € | 0 or Cp | 0,
except that the constant factors exp(15/2) will tend to exp(3).

0 = 0,(€) :=

B(e) <

These nonasymptotic results take into account both Cp and 002 in a natural manner and
are easily interpretable. We note that they also indicate how a given computational budget B
should be split between N and n in order to achieve best precision: in particular N should
increase as B increases. This is to be contrasted with results (see [16, 32] and below) con-
cerned with the asymptotic variance, which recommend a fixed number of particles for any B
sufficiently large and allocation of the remaining resources to iterating the MCMC algorithm
for this fixed number of particles.

4.5.3. Asymptotic variance. We now show that our bounds lead to recommendations for
N similar to those of [16, 32] when considering the asymptotic variance as a criterion. We
can use the bound (16) to give an upper bound on the resulting asymptotic variance.
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FI1G. 1. A plot of the function o — 1og(5(a)/a2) in the case Cp = 1.

LEMMA 59. Fix a test function f € L(Z) (). In the setting of Theorem 21, for a reversible
Markov kernel P, the asymptotic variance v(f, P) is bounded by

o(f, P) < —IIfI3+40(H) Y F ).

n=0

EXAMPLE 60. For our log-normal pseudo-marginal example, we can then ask for a given
f, how to tune o in order to minimise the resulting bound on the asymptotic variance. We
can bound

s X 2 1 Cpno?
<5 & ol ()|
,12::1 pm () = nX::] Cp P17 262 2exp(c2/2)
2 [e’e}
S J—
Cr Jo

where a:=1/ (262) and b := Cpo? /2 exp(o2 /2)). Here, we used the fact that the Lambert
function is increasing. Through routine calculations and making use of the substitution bx =
uexp(u) < u = W(bx), this integral can be simplified and written as

NN | I\ _ip f o 2 i]

(o) := 5 [exp(l/(4a))<l + 2a>a SN exp(—w”)dw + % |
In this final expression, both a and b depend on &, and the resulting function of o > ¥(0') /o2
can be optimised numerically, where we divide by o2 to take into account the additional
computational cost; see Figure 1. Note that the optimal value o, of o does not depend on
Cp, and we find numerically that o, & 0.973. This is consistent with [16] who report optimal
values in the range o, ~ 1.0 — 1.7 (dependent on the performance of the marginal algorithm)
using another bound on the asymptotic variance, while [32] find o, &~ 1.812 using a scaling
and diffusion approximation.

exp(—aW?(bx)) dx,
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