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S1 Notation and conventions for the genealogical tracing vari-
ables and measures on X®?

We first write an expression for the probability mass function of the genealogical random variables (K*, K?)
described in Section 3.1. Let [No.n| = [No] X - - - X [Ny]. Then with a = (ao,...,an-1) € [NO}N1 XX [anl]N"7
2= "(20,...,2n) EXN0 x .. x XV and k' = (kg, ..., kp) € [Nowm], we define
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With k% = (k3,...,k2) € [No.n], we also define
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Cala =, k1) = = Hn]) H{ (k§¢k;,k§_1:a§gl)+ (ky = kp) Gpr (2" 1>}.
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Note that with a, z fixed C1(a, 2; -) is a probability mass function on [No.,], as is Ca(a, 2, k'; -) when (a, z, k')
is fixed. With C1 and C> so-defined and

C(A, G EY?) = Cu(A, G RN Ca(A, G B ), (S1)

it is evident that C(A,(;-) is the probability mass function of (K, K?).

We now recursively define a collection of measures on X ®2 which include the measure p;, of Section 3.2.
We define G, = Gf?z, p € {0,...,n}. For any b € B,, and writing le,’2 = (mzl,, 37,27), we define

NP (ded) = Mo(dw) [L(bo = 0)Mo(da}) +I(bo = 1)d,, (daf)]
and for each p € {1,...,n},
N7 (2%, dey®) = My(ay 1, day) [1(by = 0)My ()1, da) + 1(b, = )3, (da})]

We now define, similarly to (1), us, = ]\7[30 and for p € {1,...,n}, recursively,

l’l’b():p(s) :/ Hbg.p— 1(d37p 1)6 (leafl)Mbp(-Tp 17S)7 S€X®2~ (SQ)
X2

It follows that for b € By, the measure up described is defined by (S2).

S2 Algorithms for computing the estimates

Algorithm 2 provides pseudo-code for computing V" (¢) in O(N) time after Algorithm 1 has been run, with
Lemma 6 providing its justification.



Algorithm 2. Computing V,Y (¢).
1. Let So,n be an array of length Ny, initialized to 0.
2. For j € [Ny], set Son[EL] ¢+ SonEL] 4+ ©(¢2)/Nn.
3. Set

my () <H vai1> M (9)* = D Soali®

i€[No)
4. Set VY () = i ()% = mY ().
Lemma 6. For any ¢ € L(p), mY () = o, (#%%) /4 (1)%.
Proof. We have So ,[i] = N, * Zje[Nn]:Eﬁ;:i @(¢2), for each i € [No] upon completion of step 2 of Algorithm 2.

Noting that
2
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the result follows from (14) and (16). O
Algorithm 3 provides pseudo-code for computing each vé\jn(@), p € {0,...,n} in O(Nn) time after Algo-

rithm 1 has been run, with Lemma 7 providing its justification. The computation involves indexing sets of
offspring indices, which we define as

O, ={j€[Npt1] : AL =i}, pe{0,....n—1}, i€[N,] (S3)
Algorithm 3. Computing each v}, (¢), and v} ().

1. Let Sy, be an array of length N, such that Sy .[i] = ¢(CL)/Nn.

2. For eachp=n—1,...,0:

(a) Let Spn be a zero array of length N.
(b) For j € [Npy1], set Spn[A}] < Sp.n[Af] + Spr1,nli]-

3. For each p € {0,...,n—1}:

(a) Let t, be an array of length Ny such that tp[i] = Gp(C)/ ZjE[Np] Gp(¢D).
(b) Let go,p be a zero array of length No. For j € [N,], set gop[EL] < go,p[E3] + tp[f]-

4 et m () (Tl w2 ) {1 () = Sicpry) Somlil*}.

5. Set mi () = (No = 1) [0 55| Sieiny Snnlil? (1 = go.n-1[EL).-
6. Forpe {0,...,n—1},
(a) Let RZ(,l) and Rg) be zero arrays of length Np.
(b) For j & [Npya], set RV [A7] = BV [A]] + Spianli] -
(c) For j € [Npii], set Ry [A7) & RP[A}] + Spranli]
(@) Ifp =1, set mu(p) « (N, = 1) (Mo ot ) Tiepny (B2 = B0 ) (1= g0 [B});
otherwise set m¢, (¢) + (No — 1) ( 2=0 %) > e o] (Rél)[iP _ R(OQ)[i]).

7. Forp € {0,...,n}, set vy, () < mb . (p) —mY (p). Set v} (p) + o ey N ().



Lemma 7. For any ¢ € L(X) and p € {0,...,n}, m),.(p) = ui\;(go®2)/'yflv(1)2.

Proof. We define, for any p € {0,...,n — 1},

_ Z]‘G[N,,]:Ef;:i GP(C;)
> e, Gr(Gh)

We also define 9, ,,(¢) = ¢(¢h)/Ny, for i € [Ny], and for p € {0,...,n — 1},

w;,n(so) = Z 1/};];+1,n(50)7 i€ [NP}

JE[Npt1]:AL=i

Gop , i€ [No).

In Algorithm 3, Sp.n[i] = ¥} .(¢) for each i € [N,] and each p € {0,...,n} upon completion of step 2. Upon

completion of step 3, gop[i] = Gé,p for each ¢ € [No] and p € {0,...,n — 1}. Finally, upon completion of step
. i . i 2 .

6(c), R\V[i] = Zjeog Yy, and R[] = ZjeO;; (¢Yp11,n)" for each i € [Ny] and p € {0,...,n—1}. We now

verify that m)), (¢) = ,ué\; (©®2) /7Y (1)? for each p € {0,...,n}.
When p = n, we have

N ®2
uen @ : B p(ckn
n( ) = Y CAGE)e(Chm )
{(Nn -1 Nq—l T ( K12 €T (en)
. . 1
I(k} = k2) ki Gno1(Gh)U(Ep 1 # En") 1 SE] )2
= Z 72@(("”) Z / - Z N2 1_GO,:}’171 SO(CW‘) 7
k1:2€[No:n]? N i€[Nyp 1] ZJ'G[anl] Gn-1(Gror) i€[Nn] N ( )

and we conclude by noting that 'L/)fl,n(go) = ¢(¢L)/Ny,. When p = 0, we have

®2)

”‘”(w S C(AGR)p(Cim)p(chn)
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Finally when p € {1,...,n — 1}, we have

MQL(@@) . 12 kL k2
s = > CAGE)eGmeEn)
{0V = DT s b (02 s,

Ik =k2) | K2
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S3 Proof of Corollary 1

Proof of Corollary 1. Rearranging (4), for any ¢ € L(X),

n (@) - (H 7 1) D SR (S

i,j:EL #E),

Vi ()

n N . .
= W—( Npi1> O R DRSPS
p=0 i,j:BL =Ej,
T N 1 S n 1
= (HN i1> Nz w(Cn)w(C%)—niV(¢)2{l—H(1—N)}
p=0 """ " 4B =Ej p=0 p ]
B 2 -
- Np 1 J N 2 . 1 2
= HN 1/ | N2 DD el —n(e) ~ TO(1/N)|
p=0"" | " ielNo] | B = o VP ]

where the approximation in the final line holds since Proposition 1 implies nly (p)? converges almost surely

to mn(p)?. Also using the fact that by Theorem 1, NVN (¢) converges in probability to a finite constant, we
obtain

N = NV (1—Nip) L O,(1/N)

p=0
2

= %Z dooe@) g —m(9)? N£+O,,(1/N)

" ie[No] | j:EL=i p=0 """

Taking ¢ = 1, ¢, = 1 and noting >,y #. = N gives (6). The proof of (7) is similar so the details are
omitted.

O

S4 L, error bounds

As in Remark 2, we define

Qp(zp-1,dzp) = Gpo1(wp-1)Mp(zp-1,dxp), pE{L,...,n},

and Qn,n = Id, Qpn = Qpy1-+-Qn for p € {0,...,n — 1}. The following Lemma will be put to multiple uses
in our analysis.

Lemma 8. For any ¢ € L(X) and r > 1,

ry1/r ry1/r
} < o0, sumeE{’nf?(w)—nn(@) } < 0.

N>1

sup N'/°E {‘ﬁ(@) )

N>1

Proof. Consider the decomposition:
o (8) = (@) = D Qon(@) = %1 @p1n(0) = Dm0 W5 D Abns
p=0 p=0 P 1€[Np]
with the convention v~ Q_1,,(¢) = MoQo.»(¢) in the first equality, and
Abn = Qon(#)(Cp) = MoQo,n (),

N
i i Mp—1Qp—1,7(¢)
AL = Qpn _Me1@nle)
P, P (SD)(CP) nﬁl(Gp—l)



Note that (Aé,n)ie[ No] are independent, identically distributed and zero-mean random variables, and for each
p > 1, given o(Co:p—1), the (A} ,)ic[n,) are conditionally independent, identically distributed and zero-mean
random variables. Moreover, there exists a finite constant say C', such that sup y»; maxi<p<n max;e[,] ’Aém‘ <

Cr and supy>; Maxi<p<n fy{,v (1) < C,. Applying these observations together with the Minkowski and Burkholder—
Davis-Gundy inequalities, there exists a finite constant B, such that

ry 1/7
ry1l/r n 1 i
sup N2 E {3 () ()| } T < s N2 % W5 D A
N>1 N>1 = ey
n
< BursupN'Y2H NLE (A} )2 < 0.
A €M)

Applying Minkowski’s inequality to the decomposition

N (@) [m(D) = (M, (@) = nl(e)

Yn (1) Yn (1)
gives
1/2 N ry1/r
sup N E{’T/n () = 1m(p) }
N>1
ry1l/r ry1/r
< Ml g, N2 ¥ (1) — (]} 4 s s N2 B[ @) i) )
'Yn(l N>1 'Yn(l) N>1

and the result follows since both terms on the right hand side are finite from the previous bound. O

S5 Proofs of Lemmas 1-3 and Proposition 1

S5.1 Conditional particle filters and proof of Lemma 1

We define M (dzo) =[] ] Mo(dz), and

i€[No

G ‘1;)71 M ‘1271 i
P*l(zpfl ) p(zpfl y Zp)

, p>1.

Mlj,v(zp,l;ap,l,dzp) = H
i€[Np] Zje[prl] Gp—l(zgjy—l)

The probability measure associated with the particle system in Algorithm 1 is specified by

PN(a,dz) = M{¥ (dzo) H M;V(zp_l;ap_hdzp).

p=1

We also define G (z,) = N%, Zie[Np] Gp(z}) for p € {0,...,n}. Let

Q{V (k,a,dz) = pY (a,dz)Ci(a, z; k),

which specifies the probability measure associated with the random variables (K, A, ¢) obtained by simulating
the particle system using Algorithm 1 and selecting K 'as described in Section 3.1.

We now introduce the conditional particle filter construction of Andrieu et al. [2010]. Let —k), denote the
set [Np]\{kp}. We define zp_k” = (2pyee ey zb L2 2, 2 = (zho . zknyand 27F = (2570, 2 k),

only for the purpose of analysis. We define a variant of Mé\f in which one ancestor index and particle is excluded

_ _ _ Gp— (za;’“)M (zai)f1 dzl)
N k k p—1 -1 P —1
My, (zp-130,"7,dz ") = ] > G ,,( i )p
i€[Np\ (kp} €Ny 1) TP=1{Zp—1




with M, (dzg ™) = [1
conditional particle filter to be a Markov kernel defined by

i€[No\{ko} Mo(dz$). With a fixed reference path z* in position k, we define the

PN (k, 2" a,d27") = Mg, (dz5 ™) H {Mé\,jkp (zp—1; a;f’l’, dzp_kp)]l (k o= aI; 1)}

p=1

This specifies a particular distribution for the particle system excluding z¥, and the ancestor indices conditional
upon k and z®. We also define the Feynman—Kac measure on the path space

= / Mo(dzo) [ [ Gp-1(zp—1)Mp(p-1,day), A e xentt,
A =1

Finally,

I(k € [Nowm]) 2, (d2°)
[INow]l  va(1)

specifies the probability measure associated with an alternative distribution for (K*', A, (), where K" is first

sampled uniformly from [No.,], then CKl ~ ’yn(-)/’yn(l) and finally (A,{le) ~ P{V(Kl,gKl ; +). We denote

by E1 expectations with respect to the law of this alternative process.

QY (k,a,dz) =

71N(k,zk;dz_k,a).

Proof of Lemma 1. The second equality in the statement of the lemma follows from the first since

Bl @)} =B 5 3 (@) = ELYe@h)) = (o).

™ ie[Nn]

To establish the first equality in the statement of the lemma, it suffices to show that

p=0

1

. . N K} = K
since it then follows that F {7n Me(G ™ )} =E {'yn(l)cp((n ")} = vn(p). We observe that for any k € [N,],

k

a. ak
Gp-1(2,"7" ) Mp(2,"7" ZJI;) N

p—1 p—1 >

J My
Zje[Np,l] Gp—1 (Zpﬂ)

Mzﬁv(zp—l;ap—hdzp): (Zp 17ap 17de )

Hence,

{nl—[ N } (k,a,dz) {HGN (zp) } N(a,d2)Ci(a, 2 k)
{ p } Mév(dzo) H M;];V(Zp—ﬁ ap—1, dzp)]l (kl"_l = al;il)

3\~

p=1

H } {Mo o (A2™) TT M, (o131, )1 (Fpy = a’;m)}

p=1

5\~

Gp1 (27 )My (277, dzy”)

Np-1Gp-1(2p)

Mo(@zt) ]

p=1
- [Nim]{Mo 1o (A2 ﬁ (zp;ap1,dzy I (kpl—a’;il)}
dz(’)CO ﬁ p(z;jpll’d kp)
= \[N(lm]\ P (k, 2" a,dz"")y (dz") = 4 ()QT (k,a,d2).



S5.2 Doubly conditional particle filters and proof of Lemma 2

The structure of the proof of Lemma 2 is very similar to the structure of the proof of Lemma 1. Let
QY (k'?,a,dz) = PY(a,d2)C(a, z; k'?),

which specifies the probability measure associated with the random variables (K2, A,¢) obtained by simu-
lating the part1cle system using Algorithm 1 and selecting (K*', K?) as described in Section 3.1. We define

MNkl 2 (dzo ) = HzE[NO]\{kl 2} Mo (dz),

1:2 _gl2

_ —k}
Mpklz(zp 15 Gy 1 ,de ? ): H N G
i€ [Np\{kLi2} > jein,_y) Gr- 1(22_4)

prl(zzi’f)Mp(z dzp)

p17

)

and the Markov kernel associated with a doubly conditional particle filter as

kl 2 _gli2

) = M0k12(d27k0 {HM,k12(ZP 15 Gy 1 ,de P )}

-ﬁ]l(k;,,lzal;‘lll){ (k27ék1 a— )+]I(k2—k )}.

A doubly conditional particle filter was also used in Andrieu et al. [2016], but for a different purpose. We also
define the path space counterpart for each us, b € B, by

1:2 _pli2

PN (k2,2 " a,dz

n
/Mgo o) [ Go-1(z20) M7 (221, day?), A€ x®E2
p=1

Finally, we define

1
I (k1:2 e [No;n]Z) H¢(k1:2)(dzk )PN k1:2 k:l:Q, —g12
2 2 ( y % 3 @y dz )’
|[N0n]| l”’d)(le)(l)

QY (k"% a,dz) =

where ¢ : [No.n)> — B, maps (k',k?) to the unique b € B, such that (k',k%) € Z(b). QF specifies the
probability measure associated with an alternative distribution for (K'2, A, (), where K2 is first sampled

. 1:2 _peli2 — . 1:2
uniformly from [NO:nP, then CK ~ ﬁ¢(K1:2)(.)/M¢(K1:2)(1) and finally (A,C K ) ~ PQN(KI'27<K ; ) We

denote by Es expectations with respect to the law of this alternative process.

Proof of Lemma 2. The proof of (8)=-(9) is relatively straightforward so we present that first:

E {3 ()} E[ﬁ(l)? S DR (e

"Ny

WP 3 elGe(c)

™ 4,jE€[Nn]

I
&
—
2



where the final equality is due to (8). To complete the proof of the Lemma it remains to establish (8). For
this it suffices to show that

n—1 2
{H GI],V(ZP)} Qév(k:m, a,dz) = ‘LL¢<k1:2)(1)QéV(k1:27 a,dz),
p=0

since it then follows that for any b € B,

K} K2]

B [I{(K", K*) € I0)} 2 (e (¢h™, ¢a™) [1{(K" K2%) € ()} s (el 6]

Mo, n”) S ()

Ey
( K1, k2ET(b)
f[ < ) <1 - ]\27)1_% (),

where the last equality follows from the fact that |Z(b)| = [[;_q Np (Np — 1)t 0,
We first note that by application of (S4),

n—1 2
{H G;V(zp)} QY (k'?,a,dz)
p=0

n—1 2
{H G;,V(zp)} QY (k' a,dz)Co(a, z, k'; k%)

{HG (2p } MQY (k'?,a,dz)Ca(a, 2, k'; k).

We then observe that for any kl, k% e [No:r] and zk1 S X”H, we have

n

va(kzl,zkl;a,dz_kl)n{I[(k:f,;ék;,k: L=ar >+11(k k,l,)}

p=1
K} n kl —kl
= { 0k1 (dzy H zp 15a,_1,dzp )}
p=1
- 1 ky 2 152 kp 2
1k = a,? {(k £k K = ay >+H(k _k)}
p=1
_ a2 —l:2 gl
= {Mé\fké:?(dzo *o )H pklz(zp 15 Gy 1 7dZP ? )}
p=1
n Gyt (P )M, (277, dai?)
. I(k2 kL p—1\~p—1 PVl 0T (g2 = kL
T {r0 ) =g s (1 = 1)
& 1 ky 2 kp 2
.Hl[(k:p_lzap’ll){ (k # ks, pl_a )+]I(k —k)}
p=1
n kzz, 1 k?) 1 kf)
_ pQN(k‘lﬂ’Zkl 71612 H k2 #k prl(zp 1 )Mp(2,71 0 dzp )Jr}l(kf,:k;,)

Np-1Gp—1(2p-1)



It follows that

2
My (2

p—1 >

Np-1Gp—1(2p-1)

2
dz:; )

+1(kp = ky)

p=0
n k271
1 2 12 k2 ) ) 1 Gp-1(2,"1")
— I(k Lk =ar, | +I(k=k) 2 1)
N, pl_[l{ ( » 7 kpy kpo1 = a0 ( D p) Ny 1Gy1(zp1)
- LS 12 1:2 :
- (HNl ]|> { go(dx§é2)HGp71(w};1fl )Mﬁ”(m;j?fll?dm’;p )}PN(k12,zk Ca,dz km)
0:n
p=1
! ’ 12\ 5 : 2 1:2
- (HNO' ]|) Ly gy (@25 )P (K228 50, de™ ) = g i) (1)Q2 (K12, a, d2)

S5.3 Proofs of Lemma 3 and Proposition 1

Proof of Lemma 3. To obtain the limit of Nvar {vn )/m(1)}, first combine the equality E{y; (¢)} = yn (%)
from Lemma 1 and the expression for E{v} (¢)?} in Lemma 2 to give

)

q#p

n N , 2 B

Then divide through by 7,,(1)? and take N — co. It remains to verify (11). For the remainder of the proof,
denote po = ¢ — nn(p). Observe

N mpo) N ()
M (0) ENOREL (o) {1 D) }

Nvar {3 (@)} = —m(e)?

and so by Cauchy—Schwarz,

N 2y 1/2 N 97 1/2
woaffcm-Z1Y < woulfs S
W 1/4 N 4 1/4
S
— 0, as N — oo, (S5)

where the convergence to zero is a consequence of Lemma 8. Rearranging Minkowski’s inequality gives for any

random variables X, Y, E {(X - Y)?} 1/2 ‘E 1/2 -F (Y2)1/2‘, so the convergence in (S5) implies
1/2
1/2 N 2
N1/2E{ (¢0) } _ N'2E {7;(7(?()))} :| — 0, as N — o0, (S6)




solimy_0o NE {ng(cpo)Q} =limy_oo NE [{%fl\’ (gpo)/’yn(l)}Q] . The proof is completed by noting that F [{’y,]lv(gpo)/’yn(l)}ﬂ =
var {7 (po)/¥n(1)}- O

Proof of Proposition 1. Part 1. holds by Lemma 1. The almost sure convergence in parts 2. and 3. follows
from Lemma 8 and the Borel-Cantelli Lemma. The convergence to the asymptotic variances in parts 2. and
3. holds by Lemma 3.

O

S6 Supporting results and proof of Theorem 2

S6.1 Definitions and supporting lemmas

We first introduce a regularity result on randomly weighted, random measures comprised of pairs of independent
and identically distributed particles.

Lemma 9. For each N > 1, let (Wi’j)me[N] be a collection of possibly dependent non-negative random
variables. Assume this sequence of collections of random variables satisfies, for any probability measure v on
X and bounded p € L(X®?),

24 1/2

supN'2EQ [ N2 Y whe(c!, ) —v®(p) < +oo,
N

i,J€[N]

where each (' ~ v independently. Then, with S = {(i,4,i',7") € [N]* : ',5" ¢ {i,4}},

sup EQ NP ST whWT b < oo,
N
(i,4,",5')€SC

Proof. Let p(x,z') = f(z) + f(z'), where v and f are taken such that v({z : f(z) = 1}) = v({z : f(z) =
—1}) = 1/2. Since v®2?() = 0, we have

2y 1/2

sup N'/?E N~? Z WhIp(¢H7) < 4o0.
N

i.jEIN]
‘We observe that
E{o(c',c)e(¢" ¢}
=E{1@C}+ B} + B{SOSC + E{reHreh]

so that in particular if (i, 7,1, j') € S then E(cp((i,(j)gp(gi/,gj/)) > 1. That is,

2
1 o . 1 oy,
E m Z Wl7‘7§0(€1’]) 2 E ﬁ Z Wl’] Wl J
i,j€[N] (i,5,7 .57 ) €S0
The result then follows from
1/2 1/2
1 o, 1 o,
SupE ﬁ Z WZ’] W’L J = sup N1/2E m Z WZY] WZ J
N (i.4,i",5') €SB N (5,5,4 5" €S0

1/2

2
1 P
vs{ Gz} e
1]

IN
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We recall the definition of ps,,, for p € {0,,...,n} in Section S1, noting that it defines a Feynman-Kac
model on X®?, and define

Sbp o 1:2 1:2 5 1:2 \ b 152 1:2
Pp(xpflydmp ) = GP—l(xpfl)Mpp(xpflydxp )7 p>1l
Our analysis involves an induction argument on the number of time steps in the model defined by b and

(Mf;”, ép)pg{ow,n}, where we allow (Mp, Gp)peqo,...,n} to be arbitrary with Go, ..., G, a sequence of R-valued,
strictly positive, upper-bounded functions. We define

Fyy (i0, jo) = I(bo = 0,40 # jo) ——— +L(bo = 1,40 = jo)No,

No—1
and for p > 1,
FY (ip,jp) = I(bp=0,i VDo N i i
bo:p ip,jp) = IL(bp =0,ip #JP)NP 1 bom,l( p—1> p71)
Np—1 Jp—1
i Gp-1(G70)
+I(bp = 1,4p = jp)Np Z Fblg, ,1(App_17jp—l) N, £ : : (S7)
Jp—1=1 : Ej:pfl prl(cgfﬁ
For each p we have
1 L. ipyd 1 ip,J
Ly, (9) =7 (1) > ﬁFzﬁp(%aJp)@((pp HEDY 2V Jp5(;p-,jpy (S8)
P D

ip,ip€[Np] ip,Jp€[Np]

where W77 = 'yi,v(l)QFb]g:p (ip, jp)- Let Fp = 0(Ao, ..., Ap—1,C0,---,Cp), p > 1 and Fo = o(Co). We show that
if ,u{,\(’):pil () approximates fip,,,_, () at a N~1/2 rate for any ¢ € £(X®?) then ,ué\g:p () approximates pp,., ()
at a N~/? rate for any @ € L(X®?). The first step is to in the following Lemma that a mean-square error
bound for ,u{,\g:p_ , () implies that the random variables W;fl necessarily satisfy a certain regularity condition.

Lemma 10. If, for any (Mg, Gq)gefo,....p—13 and any ¢ € L(X®?),

511/2
Sl]i-jp N'?E |:{/Ll])\([):p_1(‘p) — Mbg.p—1 (90)} :| < 0o,

then, with Sp—1 = {(i,4,7,5') € [Np-1]* : 7,5 ¢ {i,4}},

supEAN,Y Y Wl Wb < e
c

(i,,i,5)€SE_,

Proof. Let Mp_1(x,-) = v(-) for every x € X, where v is an arbitrary probability measure. Consider the
expression for ,u,l,\g;pil (¢) in (S8), and note from (S7) that W;ﬁl is measurable with respect to o(Ao:p—2, (o:p—2)-

This allows us to apply Lemma 9 to obtain the result. O

Lemmas 11 and 12 together provide important bounds used in the proof of Proposition 3 below. Their
proofs involve mainly tedious manipulations involving properties of multinomial random variables, and can be
found in Section S6.4. The analysis that follows makes use of the offspring indices defined by (S3).

Lemma 11. With E{AN (ip—1,jp—1) |fp,1} =0,

p,bp
AP 1 tp—1:Jp— . .
180, (9) = by, 1 (@i (9)) = S WAL, (1), (89)
ip—1,0p—1€[Np—1] p—1
where
(S0 G}
. . i= ’ ‘ i - —
Ai)\fo(lp—ly,]p—l) = N (N — 1) Z ]I(’Lp 75 .]p)(p(gpp '71”) _ Qpp((p)(c ;7711 Jp 1)7
p\{Vp ° p

(ipajp)eo;zizl XO;Z)_Zl

11



and

N r1y 2g2t | Go1(Ga) sviny U gty cirrives

Api(ip—1,Jp—1) = prl(gp—l ) N Z e(G" ") ¢ — @ (e )(C )-

P i

ipeo, P!

Lemma 12. Let ¢ € L(X®?) be non-negative, and Sp—1 := {(3,5,7',5') € [Np-1]* : i',5" & {i,4}}. Then,
1. FOT any (ip—lyjp—lyi;717j;)71) € SP—l mI(bP—l)Qa

E{AMN, ip-1,50-1) AN, (i 1,5p1) | Fomr } <0

2. There exists C' < oo such that
E{ AN, (i-1,50-1) 80, (ip1,5p-1) | For } <€,

for any (ip—1,Jp—1,ip—1,5p—1) € Sp_1 NZ(by—1)*.

S6.2 Proof of the theorem

The following proposition constitutes the inductive step in the proof of Theorem 2.

Proposition 3. If, for any (Mg, Gq)qeqo,... p—13 and ¢ € L(X®?),
1/2 N 2]1/2
sup N'/* 15 |:{/Abg;p,1(§0) ~ Hrn s () } < 0.

Then, for any (Mg, Gq)qeqo,..py and @ € L(X®?),

271/2
1/2 N
sup N/ {{ubo:p(so) — tno, (9 } } < 0.

Proof. We decompose ¢ into its positive and negative parts. That is ¢ = @4 — ¢_, where 4 (z'?) =
max{0, p(z'?)} and p_(z'?) = | min{0, p(z"*)}|. We can therefore write

E {Mbop Mbop 1(?”(@))}2} -

~b ~b 2]1/2
= 5| {udl, (o0) il 1@ (o) (@ (o) — il (o)) |
1/2

B [{w (@ () - u%:p(w)ﬂ |

1/2

< 5| {ull, o) - i, (@ oa0 )]

by application of Minkowski’s inequality. We bound the first term. It follows from Lemmas 11 and 12 that

2
~b 2 1
E [{u%;p(w) —uiﬂ:p_l(Qp"(w))} } =F Wi AN (4,5)
i,GENp_1] P71
1 g
= E Z NE Wld Wl 3 Ap bp(z ])A;]Xbp(z/v]’)
44,85 €[Np—1] = PT1
1 1, 7/
= E Z NA W]W JE{Apbp(ZJ)AP,bp( 7])|]:p 1}
05,85 €[Np_1] = P71
< CE Lo V< C g Ly i’
- 2 N et =T > Na_, e
(4,3,% /,J/)ESP 1 p= (4,53 /7]/)6517 ) p—

12



It then follows from Lemma 10 that

1/2
~b 2
sup N2 (i, o)~ (@ e} | < o

and an identical argument shows that

1/2
~b 2
swp N2 [y o) = i, (@ o0 | <o,

SO

sup NY2E {{uéﬁ () = tby,,_, ( ~zl?f’(w))ﬂ v < +o0. (S10)

Now, ¢ € L£(X®?) implies fo“ () € L(X®?) because Gj—1 is bounded, and since ﬂbo;pq(QZp (©) = tibg,, ()
we have by the hypothesis in the statement

1/2

b 2
swp N2 (i, (@) = oy @)} | < o (s11)
Therefore, (510), (S11) and Minkowski’s inequality together imply the result. O

Proof of Theorem 2. For part 1. of the theorem, let Cy, = [[_, (V, )P {N,/ (Np — 1)}~ which is finite by
the assumption that min, N, > 2. By applying Lemma 2,

Cr B {w (0)} = B {nY () T{(K", K?) € T0)} (G 65 } = €77 (o).
The proof of part 2. of the theorem is by induction on n. In the case n = 0 we obtain,

N 1 i 1 bo No 1bo ij
By () = NZ Z Wy ) =N2 E Ng No—1 ©(¢”)
Ng

i,5€[Nol 0 (i,5)€Z(bo)

1 i
Z |I(b0)|<p(<0 )-

(4,3)€Z(bo)

_ _ _ 2
Let p(z',2%) = p(a',2%) — (), and [|@]| := sup, |p(x)|. We observe that E [{uévo(so) — tivo () } ] =
E{ui (¢)°}. In the case by = 1, we have

B [{ih0) - i)}’ | = B8 X 1melG?) b = 5 B {00 X0)*} < -l

i€[Ng] 0

1/2
so supy NY/2E [{u{,\é (¢) — 1o (@)}2] < +oo for any ¢ € L(X®?). In the case by = 0, we obtain

Bl -m@) ] = B3 > 2 NQ(Nj_l) B(GM)e(c )

i#JE[No] i/ #j’ €[N

Il
&S|

1 > S8
Z N2(NO _ 1)2 90( )90( )

(4,4,i",3") €S8N (bo) 0

< _ |So NZ(bo)| = 24No(No — 1)(No — 2) + 2No(No — 1)
< el p e = el NI 1

< ||—|| ( 0_2)""2 < 4”‘:5”2

- N()(Nofl) - No ’

1/2
so supy N'/2E [{szy\é (p) — tg (@)}2] < +oo for any ¢ € L(X®?). The result then follows by applying
Proposition 3 multiple times. O
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S6.3 Properties of multinomial random variables

All the results in Lemmas 13—-15 can be obtained, after fairly tedious but straightforward calculations, using

the moment generating function of a Multinomial(n, p1,...,pr) random variable X, Mx(t) = (Ele pieti)n,
and the fact that E (H;n:l Xi].) = %(O).
Lemma 13. Let (X1,...,Xk) be a Multinomial(n, p1,...,px) random variable. Then
1. For any i € [k], E(X;) = np;.
2. For distinct i,j € [k], E(X;X;) = n(n — 1)pip;.
8. For anyi € [k], E{X:i(X; — 1)} = n(n — 1)p?.
Lemma 14. Let (X1,...,Xk) be a Multinomial(n, p1,...,px) random variable. Then
1. For distinct i1,142, 13,14 € [K],

4 4
n!
B (X0 X Xy Xia) = (0 [Ip, <n’(n =1 ]]py; = E(Xi, Xi,) B (Xis Xuy) -
tj=1

j=1

2. For distinct 1, j € [k],

E{Xi(Xi —1)X;(X; — 1)} n(n —1)(n —2)(n — 3)pip;

< nP(n—1)%p2p? = B{Xi(X; - )}E{X,(X; — 1)}.

Lemma 15. Let (X1,...,Xk) be a Multinomial(n, p1,...,px) random variable. Then

~

For any i€ k], E (XZQ) =n(n — 1)p? + np;.

o

For any i € [k,
E {XZ-Q(XZ- — 1)2} =n(n—1)(n—2)(n—3)p; +4n(n —1)(n — 2)p} + 2n(n — 1)p;.
3. For distinct i1,1i2,13 € [k],
E{ X, Xiy X} = n(n — 1)(n — 2)(n — 3)p;, pigpis +n(n — 1)(n — 2)pi, piypis.
4. For distinct i1,i2 € [K],

E (X7 X2) =n(n—1)(n—2)(n — 3)pi,pi, +n(n — 1)(n — 2)(p, piy + pi, Piy) + n(n — 1)pi, iy

Lemma 16. Let (X1,...,Xs) be a Multinomial(n, p1, ..., px) random variable where p; = S~ g:, k/n < c and
n > 4. Then there exists a constant C' < oo such that, with § := max;eq1,... &} 94,

1. For anyi € [k], E (S*X7/n?) < g7 + CF°.

2. For any i € [k], E{S*X?(X: —1)*/n*} < g} + Cg".

3. For distinct i1,iz,13 € [k], E [S*X7, Xi, Xiy/ {n*(n —1)*}] < g7, girgi5 + CF*.
4. For distinct 1,12 € [k], E [S4XZ~21XZ~22/ {nQ(n — 1)2}] < gflgfz +Cg*.

Proof. We use the properties from Lemma 15. For part 1.,

S2 S? S k
E (—2X3> = {ntn—1)p; +npi} < gi+ g <gi+ -7
n n n n

14



For part 2.,

g {%inﬁ )

= Emo12 {n(n = 1)(n - 2)(n - 3)p{ + 4n(n — 1)(n — 2)p} + 2n(n — 1)p; }
4 45( — ) 3 25° 2 4 4k _4 k? —4 4 —4 2 N 4
< g+ gi + 9 <gi+—9§ +2——=7 <gi +4cg +2c——7 .
n(n —1) n(n —1) n n(n —1) n—1
For part 3.,
S4 5 54 5
E { n2(n —1)2 Xiy Xiy XiS} = n2(n — 1)2 {n(n —1)(n —2)(n — 3)p;, Pirpis +n(n —1)(n — 2)pi, pi,pis |
S(n—2 _
< i 90,90 + ﬁgngmgig < 93,9196 + <5
For part 4.,
s 2 2
E { n2(n —1)2 Xiy Xiy
= 'I’L _ 1 2(m _ 1)2 {n n - 2)(” - 3)p121p122 + n(n - 1)(” - 2)(p$1p12 +pi1pz?2) + n(n - 1)pi1pi2}
S(n—2 52 _ noo_
< ghgn + ﬁ(gigiz + 91,00 + mgilgm <ghgn ey —g"

The result follows by taking C' = 4¢ + % - 2¢% since - 7 < O

n—

CAJN:-

Corollary 2. Assume sup,cx Gp—1(z) < o0 and (i,5,1,j') € Sg_l NZ(bp—1)*. Then there exists C < oo such
that for any Np, Np—1 € N and (p—1 € XNr—1,

{Zk IIGT—’ 1(Cp 1 }

oS o for o= a0 0 -} <
p
and 2
(S G}l
Gp— I(C ) p— I(Cp 1) N2 |OP*1HOp71| |]—'p_1 <C.
p

Proof. Let k = Np—1, n = Np, § = > . 7F M- TGy (p 1) and (X1,...,Xy) be a Multinomial(n, p1, ..., pk)
random variable where p; = S _1Gp_1(4p,1) and n > 4. For the first expression, consider the case i = j. Then

the expression can be written as
5t 2 2
Ed——=X; (Xi—-1
{ n2(n — 1)2 7 ( 1 ) )

and we conclude by combining part 2. of Lemma 16 with sup,cx Gp—1(z) < co. Now consider the case ¢ # j.
Then the expression can be written as either

s 2 2 st 2
E{mxz Xj}v or E{mxilxmxig}y

and we conclude by combining parts 3. and 4. of Lemma 16 with sup_,cx Gp—1(x) < 0o. The second expression

can be bounded by {sup,cx Gp,1(:v)}2 E (5°X}/n?) and we conclude by combining the part 1. of Lemma 16
with sup,cx Gp—1(x) < oco. O
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S6.4 Expressions and bounds for Agbp

Proof of Lemma 11. We obtain expressions for Agbp for each of the cases b, € {0, 1}, making use of (S7). In
the case b, = 0, we have

(@) = 073 B, el G)
ip,Jp€[Npl

S0 G ) »
= 7;7\11(1)2‘ _Z ]\,ilefX:pl(ip_l,jp_l){ ]1Vp(Np—1) 1} > (ip # jo)p(CP77)

1

(ip-dp) €07 xo"’

2
o S Gt
-3 le{ T } P !

ip—15Jp—1E€[Np—
p—1:Jp—1 [ P 1] (ijp>EoP1 ><O

from which the expression for Ao (ip—1, jp—1) follows. We have

S G (G} N
b { Np(Np —-1) } Z (iP # jﬂ)SO(CppJp) | Fp-1

(ip, JP)GO 71 ><O

{z GG}

= F
Np(Np — 1)

10731 (100731 = Hip-1 = Gom1}) M7 (9)(G3 7 7) | Fos

Gt (G 7 NLP (0) (G377,

where the last line follows from Lemma 13. Hence F {A{?\fo(ip,hjp,l) | ]-'pfl} =0.
In the case b, = 1, we have

Hbo, (0) =7 (1) > NQFbOP(Z:D,Jp) e(G)

ip,Jp€[Np]
N/q\2 1 .~ . . ipyi
= W B i)
ip€[Np] P
N 1 j
1 . . o1y 2 Gp—1(¢) ) ipi
= WL Y B e )Gy (i ZE T ) S gy
ip—1,dp-1€Np—1] ~ P71 8 ipeoir !
1 i , i Zp11G (C 1) ipyi
= Yo WG ) T Y el@r),
ip—1:dp-1€[Np-1] © P ? ipeolr !

from which the expression for Ag{l (ip—1, Jp—1) follows. We have

j "G ipyi
E prl(dyp:ll)zj - N, (Cp ) Z o(G" ") | Fp—r

i
. p—1
1PEO 1

. Np-1 . L
Gp_1<<,’f’f>E{ZJ N, 2 o e o)) |fp-1}

G () (G,

where the last line follows from Lemma 13. Hence E {Ai){l(ip—lajp—l) | Fpe1} = 0. O
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Proof of Lemma 12. For the first part, consider first the case b, = 0. Then, since (ip—1, jp—1,%p—1,0p—1) €
Sp-1 ﬂI(bp,1)2,

E {AIJJ\TO(’L'P*Mjp*l)Ai:{O(ilpfl»jzlnfl) | ]:p—l}

(= 6@

= F
N3 (N, - 1)?

S La# e > 16 # 596 ") | For

. ip—1 Jp—1
(i,5)€0 ”_1 xO P_l (i,j )eo"llxo P 1

—Qr @GR ()G

{Zg p1 ! Gp 1(Cp)}

Il TR

‘Olp 1 (O;P_*ll 7H{ip_1 :jp—l}) ‘O; (|ij 1| — ]I{Zp 1 —]p 1}) | ]'-p_1

N @G I ()G ) = Q@G QY (@G

4
S G @)
= { NI, 1) } 031 (O3 = Hip—1 = jp1}) 10,7 (|o“’ = i = Gy 1}) | For

GG (G OGP () (G

< 0,
where the final inequality follows from properties in Lemma 14. Now, in the case b, = 1, and again because

(iP—lij—lvigaflajzlﬁfl) S Sp—l mI(bP—l)zv

B { A1 (p-1,30-1) A (ip1,5p-1) | Fpor

(S G

= B |Gl )G (G) N DR B D (R N I
L ! icor it i'eo;;:l

—Q (@) (O (p) (e

s e}
N

= E 10 M0 | Fomt | Gom1 (G G (G771

T ()G N (@G = @ (@G e (@6 )

(S0 @)
N3

v

= | — G ()G (G

oo

Gy (GG (PN () (€737 )N () (7777
< 0,

where the final inequality follows from properties in Lemma 14. For the second part, let ||¢|| = sup, ¢(z). In
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the case b, = 0 we have
E [N, (o1, 50— 1) A, (i 1,5p-1) | Foi]

[Z;-V:pfl Gp-1 (Cg)] !

. - 1,7 . . i g
s Bl R, e iZ - 1E#De(G7) Z 16 # 5 (¢h )‘}‘IFl
(i’j)eof:llxozjr}lEI (i,5") €0, " 11><Opp 11
Ny
S 6] .
< H‘PH E N,?(Np— 1) \O” 1| <|O 11‘ —]I{Zp_1 =]p—1}) |Op1:11 (\O p— 1| H{zp ) —Jp 1}> ‘]__p )
< Cllell,

by applying Corollary 2 to obtain the last inequality. Similarly, in the case b, = 1 we have
E [y, (ip-1,d0-1) A0, (i 1,3p—1) | Fomi

[0 G

< B |GGG (G 3 2 @G o @G [ Fe
ico Pt 1,602}31
(S0 Gpacon)]
i -/7 p— i
< ||‘P||2Gp*1(€}]f111)prl(d;p—ll)E N2 |O Sy H 11| | Fp-1
P
< Ollell?,
by applying Corollary 2 to obtain the last inequality. O
S7 Proofs for Section 5
Lemma 17. For any ¢ € L(X) andr > 1,
1/r ry1l/r
sule/zE{%v(w)—%( } <oo,  sup N'/? ) = () < o0,
N>1 N>1

Proof. Let ¢(z) = Gn(x)p(x). Since 4n(¢) = yn($), Lemma 8 provides the first bound. The second bound
follows from the first bound and Minkowski’s inequality by an essentially identical line of arguments as in the
proof of Lemma 8. O

Proof of Proposition 2. The almost sure convergence in both parts follows from Lemma 17 and the Borel-
Cantelli Lemma. To obtain the expression for 62 (y), we have

hm Nvar {7n } = 1\}51100 Nvar {'y,llv(@)} - ’yn(l)Q i vzﬁz(@) _ An(l)Q i 13’;;,710,0)7

p=0 P p=0 Cp
and the result is obtained by dividing by 4, (1)2. The expression for limy_sco NE [{ﬁ,’y(ap) - ﬁn(gp)}z} follows
by combining this with an essentially identical line of arguments as in the proof of Lemma 3. O

Proof of Theorem 4. The results follow from Theorems 1 and 3. For the first part,

E{a (1?0 (o)} = E{Y PV @)} = var {3 (@)} = var {4 (0}
For the remainder of the proof, — denotes convergence in probability. For the second part, since 62(p) =

02(p)/nn(Gn)?, it follows that NV, (o) = NV,N (¢) /0N (Gn)? — 62(p) since NV,Y (@) = 02(¢) and n (G,)? —
7n(Gr)?. The third part holds by the same reasoning as in the proof of Theorem 1. O
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Figure 9: Estimated asymptotic variances N Vn(go) (blue dots and error bars for the mean + one
standard deviation) against logy N for the stochastic volatility example.

Proof of Theorem 5. For part 1.,
E{3 (1’ 0)0n(@) ) = B {3 120)(@)} = 1 (10?00 () = 40 (1)*5p.n(9)-
For the remainder of the proof, — denotes convergence in probability. For part 2., we have @é\fn(ap) =

Uévn(¢)/77£’ (Gn)? = Opn(p) and letting f = o —7n () we obtain ﬁé\fn(cp—ﬁfy (¢)) = Up,n(f)/ﬂn(Gn)Q = Op,n(f)-
Part 3. follows from parts 1. and 2. O

S8 Supplementary figures
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Figure 11: Plots for the simple adaptive N particle filter estimates of 4,,(1) for the stochastic volatility
example. Figure (a) plots the base 2 logarithm of the empirical variance of 42 (1) /4, (1) against log, 6,

with the straight line y = . Figure (b) plots log, N against log, d, where N is the average number of
particles used by the final particle filter.
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Figure 13: Plots for the simple adaptive N particle filter estimates of 1, (Id) for the SMC sampler
example. Figure (a) plots the base 2 logarithm of the squared Lo error of 72 (Id) against log, §, with

the straight line y = z. Figure (b) plots log, N against log, d, where N is the average number of
particles used by the final particle filter.
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